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equation with respect to unknown sources defined only at the boundary of the original
domain. In doing so, the Huygens’ principle enables us to obtain the operator equation
in a form that involves only finite and non-increasing pre-history of the solution in time.

Keywords: Next, we discretize the resulting boundary equation and solve it efficiently by the method
Time-dependent wave equation of difference potentials (MDP). The overall numerical algorithm handles boundaries of
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Sub-linear complexity allows one to share the computational cost between multiple similar problems. On multi-
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parallelization in time.
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1. Introduction

Numerical methods that rely on the boundary integral equations (BIEs) and are usually called boundary element methods
(BEM) are popular for elliptic PDEs (steady-state or time-harmonic problems). Their key advantage is that they reduce the
dimension of the problem by one (e.g., if the original formulation is three-dimensional, then the corresponding boundary
integrals will be two-dimensional). Moreover, they offer a substantial flexibility from the standpoint of geometry so that
the shape of the boundary can be quite general. In spite of their inherent limitations, such as the need to explicitly know
the fundamental solution, the methods based on BIEs present a viable alternative to well-known volumetric methods, such
as finite differences (FD) or finite elements (FEM). This is especially true for exterior problems where the variation of
material properties is less of an issue and hence one can often use constant coefficient governing equations for which the
fundamental solution is readily available. In that case, an additional advantage of BEM is that it automatically guarantees
the correct behavior of the solution in the far field and therefore requires no artificial boundary conditions (ABCs).
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The treatment of the actual physical boundary conditions in BEM requires case-by-case care. Indeed, the unknowns for
BIEs, i.e., the boundary sources, should be chosen so as to maintain the equivalence of the original boundary value problem
(BVP) to the BIE and well-posedness of the latter.! In particular, resonances of the complementary domain require special
consideration [1].

Even though the well-posedness presents a delicate issue when setting the boundary conditions in BEM for elliptic PDEs
(in those cases that go beyond the simplest scenarios), it has received substantial attention in the literature. In applica-
tions such as computational electromagnetism (CEM), the possible ill-posedness of the boundary representation may be
alleviated, e.g., by the so-called combined field integral equations. A universal reduction from the domain to the boundary
can be obtained with the help of Calderon’s boundary projection operators [2,3]. It is not tied to any particular type of
boundary conditions, as opposed to BIEs with respect to specific densities, such as that of a single-layer potential or double-
layer potential. Importantly, it automatically preserves the well-posedness at the boundary as long as the original BVP is
well-posed [4].

Unfortunately, the standard BEM cannot be applied directly to hyperbolic PDEs. Its time-dependent applications are
rather limited to combined problems with a clearly identifiable elliptic component, such as low speed flows of viscous fluid
[5,6] or water waves [7].

A special class of BIEs called the retarded potential boundary integral equations (RPBIEs) are designed at extending the
BEM from elliptic to hyperbolic PDEs [8,9]. However, the corresponding time domain numerical methods, see, e.g., [10-13],
have not gained nearly as much traction as their frequency domain (or pure potential) counterparts. One difficulty is that
the time domain discretizations of RPBIEs often develop instabilities even if the RPBIE itself is well-posed (some aspects of
stability have recently been studied in [14]). For the most part, however, the reason is that as the time elapses the boundary
extends and the computation of convolutions involved in RPBIEs becomes progressively more expensive (it typically relies
on Laplace transform methods [15,16]). An up-to-date comprehensive review of the entire area can be found in the recent
monograph [13].

In the current work, we focus on presenting a new methodology that removes the foregoing main limitation of all nu-
merical methods based on RPBIEs and convolution quadratures [17]. Namely, for a given interior or exterior hyperbolic initial
boundary value problem (IBVP) we show how to equivalently reduce it from the domain to the boundary while explicitly
taking into account the (strong) Huygens’ principle. The Huygens’ principle provides a mathematical characterization of the
phenomenon of diffusionless propagation of waves. In the case of diffusionless propagation, the waves due to compactly
supported sources (in space-time) have sharp aft (or trailing) fronts. The regions behind those aft fronts are known as
secondary lacunae in the sense of Petrowsky [18-20]. The solution inside the secondary lacunae is identically equal to zero.

For the Huygens’ principle to hold, the number of space dimensions must be odd. Moreover, there are additional rather
tight constraints that altogether make the diffusionless propagation of waves a rare occurrence. It, however, manifests itself
for the acoustic and electromagnetic waves in three space dimensions.” Remarkably, it is those two types of waves that
appear in a broad range of applications in science and engineering. Moreover, in many instances both acoustic and electro-
magnetic waves allow for a simplified representation by means of the scalar wave (d’Alembert) equation. It is known that
a scalar PDE in the conventional 3 + 1-dimensional Minkowski space-time satisfies the Huygens’ principle if and only if it
reduces to the d’Alembert equation [22].

For both interior and exterior IBVPs for the three-dimensional wave equation, a key role played by the Huygens’ prin-
ciple is that it allows one to derive an equivalent boundary operator equation of Calderon’s type with only a finite and
non-increasing backward dependence on time. The advantage of Calderon’s boundary equations with projections is that
they operate with physical sources (traces of the solution and its normal derivative at the boundary) and are completely
independent of the boundary conditions. It means that the same reduced boundary formulation can handle a wide variety
of boundary conditions. Of central importance is that unlike in the typical RPBIEs [13] where the unknowns (boundary
densities) are defined everywhere between the initial and current moment of time, the unknowns for Calderon’s equations
that we employ (i.e., Calderon’s equation that rely on the Huygens’ principle) are specified only on an interval of a fixed
finite duration, regardless of the actual time that has elapsed since the initial moment. This property renders unnecessary
the evaluation of convolutions over ever expanding time intervals.?

The limited backward dependence in time is important because the “finite-time” boundary operator equations can be
solved efficiently. In our implementation, we use the method of difference potentials (MDP) [4] as a vehicle for discretization
and numerical solution of the corresponding Calderon’s boundary equations. The MDP is very well suited for this purpose
as it parallels the constructs of Calderon’s potentials and boundary projection operators at the discrete level. As in the
continuous case, it guarantees that the resulting boundary formulation will be well-posed.

1 In the classical potential theory, the reduction of a BVP from its domain to the boundary is contingent upon specific boundary conditions. For example,
a Dirichlet problem requires boundary representation in the form of a double-layer potential, whereas a Neumann problem needs a single-layer potential.
This guarantees that the corresponding BIE will be a Fredholm integral equation of the second kind, which is well-posed.

2 In acoustics (linearized Euler’s equations), diffusionless propagation characterizes the pressure waves as opposed to vorticity waves. In electromagnetism
(Maxwell’s equations), classical lacunae are sometimes replaced with quasi-lacunae inside which the solution is electrostatic yet not necessarily zero [21].

3 According to [13, page 86], the convolution quadratures built via the Laplace transform “eliminate the Huygens’ principle that so clearly appears in the
time domain retarded operators and potentials.”
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The discrete counterparts of Calderon’s potentials and Calderon’s boundary projections are computed in the framework of
MDP by means of solving a specially formulated auxiliary problem (AP). It replaces the convolution integrals that appear in
the conventional definition of Calderon’s operators. The AP is set up and solved on a volumetric grid. However, this grid can
be chosen regular (e.g., Cartesian) for computational convenience, whereas the boundary can have a general non-conforming
shape. Therefore, the MDP maintains the geometric flexibility typical for BEM. At the same time, it allows one to avoid
the numerical computation of singular integrals. Moreover, MDP enables reducing the computational cost when solving
multiple similar problems (e.g., problems that share the same geometry yet have different boundary conditions). If the MDP
is combined with the Huygens’ principle, the computational complexity of the resulting algorithm appears lower than that
of the common explicit schemes. Moreover, in the case of a multi-processor (or multi-core) implementation, our algorithm
essentially renders parallelization in time. We note that, while the MDP is our method of choice, the Calderon-type boundary
equations that we built can be discretized and solved using other techniques as well.

The methodology we are proposing is not the first ever application of the Huygens’ principle in scientific computing.
Previously, lacunae and the Huygens’ principle were used to design highly accurate ABCs for the numerical simulation of
waves.* The pioneering work by Ryaben’kii dates back to 1990 [26]. Later, it has been generalized to the wave equation
driven by moving sources [27], acoustics equations [28], and Maxwell’s equations [29-31]. The main focus of the current
work is to extend the application of lacunae beyond the artificial outer boundaries and include the various IBVPs with a
broad range of boundary conditions set at the boundaries of general shape.

There is an alternative approach to solving unsteady problems by MDP. It was first explored in [32,33] for parabolic
equations and then extended to the wave equation in our recent work [34]. The governing PDE is discretized by means of
an implicit scheme (e.g., the compact high order accurate scheme [35]), which yields an elliptic (i.e., steady-state) equation
at the upper time level. This equation is solved at each time step by the conventional MDP in much the same way as,
e.g., the Helmholtz equation [36,37]. The resulting algorithm is simple and inexpensive. Moreover, as it does not rely on
the Huygens’ principle, it can be built in 2D and can handle variable coefficients (e.g., the propagation speed that varies in
space) as easily as constant coefficients. This is an important advantage. There are, however, some limitations as well. The
elliptic equation solved at each time step is inhomogeneous. Its source term comes from the previous time levels. Therefore,
for an exterior problem this equation will remain inhomogeneous over the entire unbounded region. This is an obstacle
for numerical solution. Furthermore, with no use of lacunae in the case of hyperbolic PDEs, this technique cannot offer
sub-linear computational complexity.

The rest of the paper is organized as follows. Interior problems are analyzed in Section 2. Exterior problems are dis-
cussed in Section 3. A succinct account of the method of difference potentials as it applies to solving the corresponding
unsteady boundary equations is given in Section 4. The results of numerical simulations are provided in Section 5. Section 6
summarizes the current findings and identifies the directions for future work. Appendix A presents the results of additional
numerical simulations for the Neumann problem.

2. Interior problem

Let O, denote the d’Alembert operator with a constant propagation speed c:
1 92u
c? at?
Consider the following initial boundary value problem:

Ocu = — Au. (1)

Ocux, t)=0, (x,t)eQx(0,T], (2a)
ou

ul,_o =1uo(®), Sl =@, xeQ, (2b)

Iru=¢, (xt) el =00 x(0,T], (2¢)

where Q C R? is a bounded domain with piece-wise smooth boundary 8%, T is the final time, and Ir is the operator of
the boundary conditions. The wave equation (2a) is homogeneous. The boundary condition (2c) can be time-dependent.
The entire IBVP (2) is assumed well-posed in the sense of the standard energy integrals, i.e., in the sense of L, see, e.g.,
[38,39]. This is the most common interpretation of well-posedness for linear hyperbolic IBVPs. The geometry of problem (2)
is schematically shown in Fig. 1. Note that, while the actual formulation is three-dimensional, we are using the simplified
2D and 1D illustrations, see Figs. 1a and 1b, respectively.

2.1. Reduction to the boundary
The fundamental solution G of the 3D d’Alembert operator (1) satisfies equation O.G = 8. It is a single layer on the

sphere of radius ct centered at the origin:

4 Convolution quadratures have also been used for the development and analysis of far-field boundary conditions, see, e.g., [23], as well as the more
recent work [24,25] that involves RPBIEs.
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Fig. 1. Geometry of the IBVP (2).
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G(x,t) = E@(t)é(c te — |X|). (3)

0, t<0,
1, t>0,
t =0 may affect the solution only at subsequent times, t > 0.

Let u(x,t) be any solution to the wave equation (2a), and let ti(x, t) be its formal extension with zero beyond the cylinder
Q x (0, T). Then, i = G * Oc1, which, in particular, implies that for any (x,t) € 2 x (0, T) we can write the following Green’s
formula:

The Heaviside step function 6(t) = { on the right-hand side of (3) is a manifestation of causality — a source at

1 ou G
U(x,t)zc—2 E(y,O)G(X—y,t)—u(y,O)ﬁ(x—y,t) dy
Q
1 ou 9G
_c_Z/ E(y,T)G(x—y,t—T)—u(y,T)E(X—y,f—T)}d_V (4)
Q
9 3G
+/ )@=y t—t) —u(y. t) = x—y.t —t) dt'dSy,
on on
T

where n is the outward normal to 32 and dSy corresponds to the integration over 9. While we use the conventional
integral notation in (4), the integrals need to be interpreted as convolutions in the sense of distributions, in accordance
with the definition of G given by (3).

The second integral on the right-hand side of (4) vanishes because of the causality of G, see (3), since for t € (0, T) we
have t — T < 0. Due to the same reason, the third integral can be calculated over only I'; =92 x (0, t] rather then over the
entire ', where t is the current moment of time. This yields (cf. [40, equation (7.3.5)]):

1 ou G
u(x,t)=c—2f{E(y,O)G(X—y,t)—u(y,O)ﬁ(X—y,t)}dy
Q
o , 3G n ®)
+/[E(y,t)c(x—y,t—t)—u(y,t)%(x—y,t—t)}dtdsy-
It

Equation (5) is the well-known Green’s formula for the wave equation (2a). It shows that in general the solution at a given
(x,t) € 2 x (0, T) is affected by both the initial data at t =0 and the boundary data at I';. Moreover, it indicates that having
a pre-defined terminal time T is not essential, as the solution can be obtained by surface integrals for any given t > 0. For
x ¢ Q, formula (5) yields u = 0. Other Green’s functions, besides the fundamental solution (3), can be used in (5), see [40,
Section 7.3]. It may be beneficial for some purposes, including computational. Our current analysis, however, becomes most
transparent when using the genuine free space Green’s function (3). As the cylinder (x,t) € 2 x (0, T) is a four-dimensional
shape, all surface integrals in (5) are three-dimensional. By substituting the actual form of (3) and performing the integration
dt’ in the second integral of (5), one can reduce the latter to the retarded potential representation [13]. Yet for our purposes
it will be more convenient to keep the Green’s formula as given by (5).

Denote by B the bottom of the cylinder shown in Fig. 1a, i.e., the domain © at t =0. Let &5 = (u, ?Tl;)ha = (ug,uq) be a
vector function on B with two components given by the initial values of the solution and its first time derivative, see (2b).
At the lateral boundary I', introduce another two-dimensional vector function, &, = (§,&1). Denote by Z; = (&, ) the
juxtaposition of these two vector functions. By analogy with the Green’s formula (5), define a mapping Pg that maps E;
onto a “plain” scalar function of the arguments (x,t) on :
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1 9G
PoEi(x,t) = c_Zf u (G —y,t) — uo(y)ﬁ(x— y,t)} dy

PoEg(x.t)

(6)

+/ (. tHGCE—y,t —t") —&(y, H)%(x —y.t— t/)}dt/dsy .
It

Pokr, (x.0)

Since, &g = (o, u1) is assumed given and fixed while & can be arbitrary, the mapping Pgq introduced by (6) appears
an affine mapping from the space of vector functions &, = (£0,&1) defined on the boundary I't to the space of ordinary
functions of the arguments (x,t) on the domain €, t > 0.

The purely linear part of the mapping Pg with respect to &, which is given by the second integral on the right-hand
side of (6) and denoted by Pqoér, (x,t), is called Calderon’s potential with the density &r,. In the particular case where

&= ”‘rt and & = 3—,‘; iy the right-hand side of (6) coincides with that of (5) and accordingly, Pq E:(x,t) coincides with
t

the solution u(x, t).
For future convenience, we recast equation (6) in the compact form:

PoEi(x,t) = Pokr, (x.1) + Poép (. 1). (6")

The initial data &5 in (6") can be viewed as a known part of the overall density E; defined at the combined boundary I'; UB.
In that regard, the derivative % can be interpreted as the normal derivative at B. Unlike in the case of elliptic problems,
where the density of a Calderon potential is defined over the entire boundary, see [4], the density in (6") is defined only on
a part. Namely, the boundary (cylinder) does not have the top portion, i.e., no density is defined at the current moment of
time t. This is due to the causal nature of the Green'’s function (3). The solution to the IBVP (2) at t should be sought rather
than specified ahead of time.

For any &, = (%0, £1), the left-hand side of (6') solves the homogeneous wave equation for x € Q and t > 0:

DCpQEt =0.

It also satisfies the initial conditions (2b). Likewise, for any &, = (o, &) the Calderon potential given by the first term on
the right-hand side of (6") solves the wave equation (2a):

DCPQEI} =0

and satisfies the homogeneous initial conditions at t = 0.
However, in general neither P&, nor PqE; coincide with the density &, . Introduce the vector trace operator on I';:

ow
vwat): Trow ™ (w, 20 )| . 7)
on /|,
Then, unless &, is the trace of a solution to equation (2a), we have:

Trr, Poér, #&6r, and Trr,PoE: #§&r,. (8)
Relations (8) are a manifestation of the well-known fact that the boundary conditions for the wave equation cannot be set
arbitrarily and simultaneously for both the solution itself and its normal derivative. Specifying u and g—ﬂ at the boundary
would yield an overdetermined IBVP.

The left-hand side of the first relation (8) defines a very important operator — Calderon’s projection:
def

Pr.ér, = Trr, Poér,. (9)
An argument similar to that given in [4] allows one to show that the following boundary equation with projection (BEP)

Prér, =&, (10)

holds if and only if &, = Trr,u, where u(x, ) is a solution to the wave equation (2a) subject to zero initial conditions at
t = 0. Moreover, the inhomogeneous BEP

Prér, +Trr Pokp =&p, (107

with &g = (uo, u1) holds if and only if &, = Trr,u, where u(x,t) is a solution to the wave equation (2a) subject to the
initial conditions (2b).
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The BEP (10) with the operator Pr, defined by (9) can be considered an equation for the unknown density &r, where
the term Trr, P&y is a known source term that accounts for the inhomogeneous initial conditions (2b). To find the spe-
cific &1, that corresponds to the original IBVP (2), one also needs to take into account the boundary condition (2c). For
convenience, we recast it as

Irér, =9, (11)

emphasizing that the boundary condition is formulated on the interval from the initial to the current moment of time, and
the operator I, acts on vector densities &, with the components & and &; that correspond to the trace of the solution
and its first normal derivative, respectively.

The simplest cases are those with Dirichlet and Neumann boundary conditions. In the Dirichlet case, the component &g
in (11) is known, while & needs to be determined in the course of the solution. The Neumann case is opposite, & is known
whereas &y should be determined. If (11) is a mixed (Robin) boundary condition, then it implies a relation between & and
&1 on I'y. In general, regardless of the specific type of the boundary condition, equation (11) is combined with the BEP (10").
The resulting system (10), (11) is equivalent to the IBVP (2) yet formulated only at the boundary. It is to be solved with
respect to the unknown boundary density &r,. Once the density &, has been determined, it is substituted on the right-hand
side of equation (6") (along with the initial data &), which yields the solution u to IBVP (2) on the domain € at the time ¢t.

A key advantage of using Calderon’s operators is that they render the reduction of the wave equation/initial conditions
(2a)-(2b) to the boundary in the form of the BEP (10’) completely independent of the boundary condition (11). The latter
is “added” to the resulting BEP to form the overall boundary system that is solved with respect to &,. Hence, Calderon’s
operators provide a very substantial flexibility from the standpoint of handling a variety of boundary conditions.

The rationale for using the boundary reformulation (10")-(11), as opposed to solving IBVP (2) directly, is the reduced
dimensionality.” Indeed, both integrals on the right-hand side of (6) are three-dimensional, while the domain € x (0, T)
of the original problem (2) is four-dimensional. However, unlike in the conventional BEM for elliptic problems, the lateral
boundary I, on which the unknowns &, are specified, extends as the time t elapses. Therefore, the solution of system
(10"), (11) with respect to &, will be progressively more expensive for longer simulation times. This is a serious difficulty
for practical implementation. It is a difficulty of the same type as encountered by numerical methods based on RPBIEs
and convolution quadratures [13]. In Sections 2.2 and 2.3, we show how one can use the partition in time and Huygens’
principle to completely remove this difficulty.

2.2. Partition in time

Let To be a fixed time interval (to be specified later, see Section 2.3), and assume, with no loss of generality, that we are
interested in obtaining the solution for 0 <t < K - To = T, where K is an integer.®° Then, we partition the lateral boundary
I'=T7 into K equal parts:

I'r=I"MuUlru..uUrlk, (12a)
where
'1=0RQx(0,To]l, T2 =0 x (To,2To], ... 'k =0 x (K —1)To, KTo]. (12b)
The density is partitioned accordingly:

EFTZSFl +§F2+"'+£FK’ (13)

where for k=1,2,...,K:

Ep,(x,0), if (x,0) €Ty,

. (14)
0, if (x,t) e\l

Er (.0 = {

In other words, whereas the boundary itself is split into non-overlapping segments according to (12), the density is rep-
resented as the linear combination (13), where each &, is defined on the entire I'r yet may be non-zero only on the
respective I'y: &, #0, k=1,2,...K, see Fig. 2a.

Equations (10") and (11) written for the unknown density &, take the form:

PFT&FT+TrFTP/SQSB=EFT (]5)

and

5 This is true in regard to any method based on boundary equations, including RPBIEs [13].
6 Having a pre-determined final time T is not essential, and larger T's can be accommodated by increasing K.
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time time
KT, KT, +
N&r.
lacuna
(K -1)T, (K =1)T,
& F/k/—y \i—l
K =2)T, K =2To|--E ¥
\\\kaz rK—7
To|| &1, T, To|| &/, T,
5]_' I, r, érl T, r,
& B &8
0 0 3D space 0 0  3Dspace
(a) Partition in time (b) Lacuna in the solution

Fig. 2. Partition in time and application of the Huygens’ principle. Left panel: The characteristic cones are shown in red. Right panel: The solution is driven
by (singular) sources at the lateral boundary and the bottom of the cylinder (shown in cyan); the sources operate until t = (K — 2)To. (For interpretation
of the colors in the figure(s), the reader is referred to the web version of this article.)

Irrér, =9, (16)

respectively, where &g = (up, u1) is the initial data from (2b). Our goal is to reformulate equations (15)-(16) to allow for
a consecutive determination of the partial densities &, . Specifically, we will derive the equations for the unknown partial
density &, assuming that the densities &, for k=1,2,..., K —1 have been found previously.

Hence, we use the definitions of Calderon’s potential (6), boundary trace (7), and Calderon’s projection (9), and split
equation (15) into two by separating the last component 'k in the composition (12a) from the rest of the boundary I't:

TrFT—TO PQ;FT + TTFT,TO P/QSB = EFT—TO ) (173)
Trry Poér, + Trry Poép =é&r,. (17b)

In equation (17a), I'r—r, =T1 U U...UTk_1, i;FT = gl"[ ; , and the trace operator is defined as Trr,_ Ty = =Trr,
t=T-To'
for t =T — To. Similarly, the operator Trr, in equation (17b) is the same trace operator as in (7) but taken only at the

partial boundary I'k. The argument of Pg on the left-hand side of each equation (17) is still the entire density & .
However, due to the causality, equation (17a) will not change if one substitutes EFT—TO instead of &, on its left-hand

side. This yields:
PFT—Togl—‘T_TO + TrFT—TO P/QSB = grr_'[‘o ’ (18)

where the projection Pr;_q, is defined according to (9) for t =T — Ty, i.e.,, Pr;_ 1, = Pry ; . Clearly, equation (18) is
t=T—

basically the same as (15), except that the domain I'r_7, for (18) is “shorter” and the domam FT for (15) is “taller,” see
Fig. 2a. Equation (18) can be supplemented by the corresponding “truncated” counterpart of the boundary condition (16):

’I‘PTOEFT,TO =¢. (19)

The system of equations (18), (19) is a system that determines §FT7TO.

Assume that the density gFHO has been obtained by solving equations (18), (19). This means, in particular, that the
partial densities &, can be considered known for k=1,2,..., K — 1. We will show how to use equation (17b) to find the
remaining partial density &, . We will show how to find the next partial density if the previous ones are available, which
essentially yields a marching algorithm with respect to the partition index K.

Given that all &, k=1,2,...,K —1, are assumed known, we use the linearity and transform equation (17b) as follows:
K—-1

TrFK PQ&FK + Z TrrI(PQSFk + TrFK P/QgB = sFK' (20)
k=1

The second term on the left-hand side of (20), which is a sum from k =1 through K — 1, can be regarded as known because
it represents the previously determined partial densities &, . The third term is also known as it represents the initial data
&p. Hence, equation (20) becomes an equation with respect to the unknown partial density &, .
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Recall that &, is defined on the entire lateral boundary I'r. However, it may differ from zero only on I', see (12) and
(14). Then, according to (6), for the potential P&, in the first term on the left-hand side of (20) we have:

T
aG
Poér, (x,0) = f {51 (¥.t)Gx—y.t—t") —&(y, t’)a—n(x —y.t— t’)}dt’dsy.
T—To

The density &, (%, t), x€ 9Q2, (K —1)To <t < KTy, can be thought of as a translation in time:

Er & 0=, (%t (K—1To), (21)

where ’SFTO (%,©) is a density defined for 0 <t < T as in Section 2.1. The kernel G(-,t —t’) also allows translation in time,

i.e., it depends only on the difference of the arguments t — t/, see (3). Then, we can recast the expression for the potential
as follows:

PQEF[( (X!E—i_ TO(I< - 1)) = PQgFTO (x! E)

To

7 rd s ! 8G il T’ i
=f{swy,r)G(x—y,t—r)—so<y,t>%<x—y,t—t)}dtdsy,

where 0 <t < Tg. Consequently, equation (20) becomes:

K—-1

PFTOSFK + Z TrFKPQEFk + TrFK P/QSB = gFK’ (20/)
k=1

where the operator PFTO does not depend on K:

t

Pr; =Pr

s
t=To

and Pr, is defined according to (9) and (7). Hereafter, we will use the foregoing interpretation of the partial density as a
translation in time, see (21), whenever it does not cause any confusion.
Equation (20’) needs to be supplemented by the respective fragment of the boundary condition:

Ircér, = 9. (22)

Since, in general the boundary condition (16) is allowed to be time-dependent, in equation (22) we use the operator Ir,
rather than erO. The system of equations (20'), (22) determines &, . This completes the solution for the entire time interval
of length T = KTo. As, however, we have mentioned previously, the final time T is arbitrary. Hence, once &, has been
determined, we can use the same methodology to obtain yet another partial density, §1- . Algorithmically, this amounts to
replacing K with K + 1 in equations (20), (22) and effectively yields a time-marching procedure with respect to K.

We emphasize though that according to equation (20'), its solution &, depends on all the preceding densities Ery
k=1,..,K —1, as well as the initial data &g. This is not surprising, because the system (20'), (22) for &, along with the
system (18), (19) for SFT—TU’ present an equivalent reformulation of the overall system (15), (16). So the solution at later
moments of time depends on its entire temporal pre-history. This property holds for any linear evolution problem. However,
for the wave equation that satisfies the Huygens’ principle, the dependence of &1, on &, k=1,..., K —1, can be truncated.
In Section 2.3, we explain how that can be done with the help of lacunae in the solution.

2.3. Application of Huygens’ principle
Let the size Ty of the partition (12) be chosen as
1
To > Ediam Q. (23)

As the integrals on the right-hand side of (6) are convolutions with the free space Green’s function (3), it is easy to see
that for any (x,t) € 'k, there will be no contribution from the initial data & on the left-hand side of equation (20") and
no contribution from any &, either for k=1,2,..., K — 2. The only source term remaining on the left-hand side of (20
will be Trry Poér, .. This happens because if the vertex of a characteristic cone belongs to 'k, then its surface does not
intersect with the bottom B and does not intersect with any of the segments I'y either for k=1,2, ..., K—2, see Fig. 2a. The
surface of such a cone may intersect only with I'x_1. For this phenomenon to hold, the space must be three-dimensional
and the size of the partition must satisfy (23).
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Then, equation (20’) transforms into

PFTong + TrrK PQEF[(,] = ng’ (20//)

and we observe that &, depends only on one immediately preceding partial density &, , rather than on all &, . The
second term on the left-hand side of equation (20”) involves the evaluation of Calderon’s projection due to a given partial
density &, | and taking its boundary trace (7) at the subsequent partition element I'x. For future convenience, we denote
the overall operator by Rry,:

T—To

/ A / 8G / /
Rr; &r,_  (x,0) =Trry Sy, )G -y, t—t) —Eo(y,t)ﬁ(?t— Yy, t—t)dt'dSy,
T—2Tp
xe€dQ, T—-Tog<t<T. (24)

Due to the same argument as given in Section 2.2 when deriving equation (20'), the operator RFTO does not depend on K,
i.e.,, admits translation in time. Therefore, equation (20”) becomes:

PFTOEFK—‘_RFTOSFK_l =§FK' (25)

To calculate &, , equation (25) must be combined with (22). System (22), (25) allows one to update the partial density
consecutively, i.e., by transitioning from K — 1 to K. This procedure can be thought of as time stepping, with the size, i.e.,
duration, of each step equal to To. In doing so, to obtain the density &1, for the current step K, the required input consists
of the density &, , from only one previous step, K — 1, as well as the boundary data ¢ from the current step K. The
foregoing time marching is performed along a (2 + 1)-dimensional lateral boundary, as opposed to the (3 + 1)-dimensional
integration by a volumetric method. At some point, such as the final time T = KTy, we may need to actually obtain the
solution u on the entire domain 2 rather than only its trace at the boundary. This solution will be given by Calderon’s
potential:

u@x,T)=Pokr,. (26)

The limited backward time dependence that allowed us to replace equation (20’) with equation (25) is a direct con-
sequence of the presence of lacunae in the solutions of the wave equation. Indeed, for the sources located at the bottom
B (initial conditions), as well as at the lateral boundary I" below t =T — 2Tq (i.e,, at I'r—7, =1 UT2U...UTk_3), the
domain @ completely falls into the lacuna starting from t = T — Ty, see Fig. 2b. For a more detailed discussion of lacunae,
their application to the construction of artificial boundary conditions, and generalization to Maxwell’s equations, we refer
the reader to our work [21,30,31].

We also emphasize that the actual solution to the IBVP (2) does not usually have lacunae as the waves generated by the
initial and boundary conditions will keep bouncing off the boundaries and will thus remain inside 2 as the time elapses.
However, the proposed boundary reformulation is based on Calderon’s operators that are built with the help of the free
space Green’s function. Therefore, it allows us to take advantage of the Huygens’ principle and thus obtain the foregoing
two-step time-marching algorithm (25)-(22). In the next section, we introduce its semi-discrete version.

2.4. Semi-discretization

We consider two consecutive partition elements, say, (K — 1)-th and K-th. The corresponding densities ér, and &, |
can be expanded on I'k and I'k_1 using an appropriate basis:

I I 11 11
Ere =D CosWos+C¥is Erg =D oo+ . (27)
S S

In formulae (27), the bi-component basis functions ¥ ¢ = (5, 0) and ¥ ; = (0, ) are used for representing the solution
and its normal derivative, respectively. In practice, it is convenient and economical to choose the same basis functions on
both I'k_1 and I'k (recall, these boundary segments have the same duration Tg). This is what we assume in formulae (27),
where the superscripts (I) and (II) indicate that the expansion coefficients pertain to I'x_; and Tk, respectively. As both
I'k—1 and 'k are Cartesian products of the spatial boundary 92 times the corresponding time intervals, see formula (12b),
it is also convenient to consider the basis functions ¥ ¢ and ¥, s in (27) as products of functions that depend only on time
and functions that depend only on space variables. The temporal factors are natural to take in the form of the Chebyshev
polynomials. The spatial factors are determined by the geometry of 9€2; for the simple spherical shape of 92 analyzed
in the current paper we use spherical harmonics, see Section 5.1. Moreover, for actual implementation the dimension of
the basis is always chosen finite (see Sections 4.6 and 5.1). Then, expansions (27) can be understood, e.g., as Galerkin-type
approximations that provide sufficient accuracy.
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Fig. 3. Schematic for the time-marching algorithm based on equations (28)-(29).

Suppose the density &, , at the lower partition element is known, i.e., the coefficients cg)s and c(ll‘)s are available.

Substituting expressions (27) into equation (25), we obtain:

in I
ZC( [Prro }Wod‘c( )[PFTO—I]WLS
———

B e —
QrTO QFTO (28)

ZC RFTO Yos+ Cl sRFTO Vs
where I is the identity operator. In addition, the boundary condition (22) on I'k yields:

Ire Y 8o+ s =¢= Zcé"”ws (29)
N

If (22) is a Dirichlet boundary condition, then formula (29) implies that the coefficients cgfz are known and equal to the

coefficients c(d’) of the expansion of the Dirichlet data ¢ with respect to the same system of scalar basis functions ;.
Likewise, if (22) is a Neumann boundary condition, then the coefficients C(]ng are equal to the known coefficients c§¢) of the
expansion of the Neumann data ¢ with respect to the basis functions . For more general boundary conditions, e.g., Robin,

formula (29) yields additional relations between the coefficients c(") and c(”) that supplement equation (28).

In system (28), (29), the coefficients CE) s and c(") are the unknowns, whereas cg)s, 6(11)5, and c@) represent the data. Given
the functions Ql—TollfOS and QFT Vi solvmg thls system means finding the coefficients of the linear combination on
the first line of (28) that would make it equal to a known right-hand side (the second line of (28)), subject to additional
constraints (29).

It is important that the operators QFTO and Rr;, do not depend on K, and the basis functions ¥, and ¢ are
also chosen the same for all K. Consequently, the functions Q—FTO Yo QFTO]/ILS' as well as Rr; ¥q . Rry ¥y remain
unchanged for any two consecutive partition elements K — 1 and K. This leads to the following time-marching algorithm
with respect to K.

First, the system of equations (15), (16) is solved for T = Ty or, equivalently, for K=1. Then, we choose K=2 and for

&r,_,=&r, obtain the expansion coefficients cg)s and c(ll‘)S according to the first equality of (27). Next, we solve equations

(28), (29) with respect to the coefficients cglz and 6(112 that are attributed to &, =&,. After that, we perform one time

step. Namely, the upper level coefficients become the lower level coefficients: Cg,)s <~ cgfg, c(ll‘)S <~ c(llg and system (28), (29)

is solved again, this time with respect to the expansion coefficients CE)HS) and c(llls) for &, =&r,. The same process continues

further, ie., for K =4,5, ..., as schematically shown in Fig. 3. In doing so, neither the functions QFTOthA,S. Qprowm that
form the linear combination on the left-hand side of (28) nor the functions Rr; Vo5 Ry ¥is that yield the right-hand
side of (28) depend on K, while the additional constraints (29) that are due to the boundary conditions may depend
explicitly on time. The time invariance of QFTO Yo eroqh],s and Rr; ¥o s Rry ¥ is a key factor that enables the
superior computational complexity of the proposed methodology, see Sections 5.3 and 5.4.

If, for a given K, the solution u needs to be known on the entire domain €2, it can be obtained using formula (26).
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Fig. 4. Geometry and partition in time for the exterior problem (30). Left panel: The larger auxiliary domain Qg contains Q; the domain j is convenient to
use for writing the Green’s formula (31). Right panel: The dashed portions of the characteristic cones (shown in red) that intersect with the outer boundary
of Qg correspond to the third integral in (31) that vanishes due to the radiation condition at 9Qg = 8&2‘,’3“. The green characteristic cone illustrates the

computation of the solution in € by Calderon’s potential after the boundary density has been obtained.
3. Exterior problem

A homogeneous exterior IBVP also can be reduced to an equivalent boundary formulation. Let & c R? be a bounded

domain (as in Section 2), and denote its complement to the entire space by def R3\ Q. Consider the following problem [cf.
equations (2)]:

Ocu(x, t) =0, (x,t)eQ2x (0,T], (30a)
au -

ul_p=0. | _ =0, xeQ (30b)

Iru=¢, ®t)el=9Qx(0,T]. (30c)

The boundary T in (30c) is clearly the same as that in (2c) since 9§2 = 3<2. Problem (30) does not correspond to the most
general exterior formulation, because both the governing equation (30a) and the initial conditions (30b) are homogeneous.
Yet, this formulation is typical and important for applications. In particular, one can think of the scattering of a given
incident wave about an obstacle Q. In this case, u is the scattered field. The wave equation (30a) is homogeneous because
the scattered field is not driven by any sources located on €. The initial conditions (30b) are homogeneous because with no
loss of generality we can assume that the incident wave only reaches the scatterer 2 at t = 0. The boundary operator I on
the left-hand side of (30c) accounts for the type of scattering, while the boundary data ¢ represent the specific impinging
signal. In acoustics, for example, the two most typical types of scattering surfaces are sound-soft and sound-hard. They

are modeled by the Dirichlet and Neumann boundary conditions, respectively, so that relation (30c) becomes u = —ui" or
du _ _0u™ \yhere uin is the gi incident field
o= given incident field.

To reduce the exterior IBVP (30) to its boundary counterpart, consider a larger bounded domain Qr D € and denote
Qr dzefQR\Q, see Fig. 4a. The boundary of the domain Qg consists of two components, inner and outer: 3Qg = dQIUIQ,
where 352}? =0Q and 852?;" = 9. As the domain € is finite (i.e., bounded), it allows for a convenient representation of
the solution u to IBVP (30) by means of a Green’s formula.

To derive the Green’s formula for Qg, we employ the fundamental solution (3) and, using the same argument’ as in
Section 2.1, obtain for (x,t) € Qg x (0, T) [cf. formula (5)]:

1 au aG
ux,t) = 2 / {ﬁ(y,O)G(x— y.t) —u(y, O)E(x— y,t)}dy

QR

=0

7 Recall, the transition from equation (4) to equation (5) in Section 2.1 was enabled by causality. Similarly, in formula (31) we have already dropped the

integral over Qg at the final moment of time t = T since it is zero. Moreover, the integration over the lateral boundaries is conducted only until the current
moment of time t.
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+/{g—,‘iw,m(x—y,t—r’)—u(y, t’)%(x—y,t—t’)]dt’dsy G31)
It
+/ {8—u(y,t/)G(x—y,t—t/) —u(y, t’)E(x—y,t—t’)}dt’dSy.
on an
rf
=0

The first integral on the right-hand side of formula (31) is zero because the initial conditions (30b) are homogeneous. The
normal n in the second and third integral is considered outward with respect to . It means, in particular, that at the
interior boundary 852%‘ = 0% its direction is opposite to that in the second integral of (5), because the outward normal with
respect to $2z becomes the inward normal with respect to €. The third integral on the right-hand side of (31), which is
taken over the outer boundary I‘R = 352?{“ x (0, t] = Qg x (0, t], is not present at all in formula (5). For x € Qr, we require
that this integral be equal to zero.

The latter requirement means that we allow no incoming waves through the outer boundary T'R, i.e., that no information
may propagate from the boundary I‘f inwards and affect the solution u inside Qg, see Fig. 4b. For convex boundary shapes
0Qpg, this is equivalent to having a perfectly non-reflecting boundary l"f (see, e.g., [41]). In Fig. 4a, the boundary 9Qy is
shown as spherical for simplicity, yet other convex boundaries can be used as well.

In fact, the outer boundary a2y is artificial; its key role is to help us write the Green’s formula on a bounded domain. Yet
a perfect ABC at dQg that guarantees the non-reflectioning radiation of waves automatically implies that on the right-hand
side of (31) there will be only one non-vanishing term — the second integral, which is taken over the interior boundary I'y =
8@1“ x (0, t], see Fig. 4. This is a manifestation of the fact that the scattered (outgoing) field governed by the homogeneous
wave equation (30a) is determined solely by its trace at the boundary of the scatterer. Hence, we can formally extend the
Green’s formula (31) beyond Q5 — to all x € .

The Calderon’s potential for the exterior problem is given by [cf. formula (6)]:

aG ~
Psér (x.1) =/ {El(y, tGx—y,t—t') —&(y, t/)%(x— y.t— t/)} dt'dS,, xeQ. (32)
It
The density &, = (£0,41) of the potential (32) is defined on the same space-time boundary I't as that for the interior

problem. Similarly to (9) and (7), the boundary projection is defined as the trace of the potential (32): Pr, d:efTrrrPQ, and
the boundary equation with projection for the exterior problem reads [cf. equation (10)]:

Pr.ép, =&, (33)
Similarly to in the case of interior problems, the BEP (33) holds if and only if the density &, = (%,&1) coincides with the
trace of a solution to the homogeneous wave equation (30a) on €2 subject to the homogeneous initial conditions (30b).
Since in the case of exterior problems the initial conditions are always assumed homogeneous, we need not consider the
inhomogeneous BEPs of type (10"). To obtain the solution to the full IBVP (30), one needs to supplement the BEP (33) with
the boundary condition (30c).

The solution algorithm for system (33), (30c) over the interval 0 <t < T is basically the same as that for the interior
problem. It involves the partition in time of the boundary I'r and the density &, see formulae (12), (13), (14) and Fig. 4b.
The partial densities are updated sequentially [cf. equation (25)]:

Pr; &r, +Rrp ér =&y, (34)
where PrTO:Trl—T0 P and the operator RFTU is defined similarly to (24) (only the direction of n is opposite):
T—To
Rr; &r,_  (x,0) =Trp, / {51 (¥, tHGx—y,t —t) —&(y, t’)g—i(x —y.t—t) } dt'dsSy,
T—2T,

xe€dQ, T—-Tog<t<T.

Neither of the two operators, PFTO or RFTO. depends on K, i.e., both admit translation in time, see Sections 2.2 and 2.3. The
sequential update based on equation (34) supplemented by (22) is enabled by the Huygens’ principle, specifically, by the
lacuna of the fundamental solution (3). The semi-discretization described in Section 2.4, as well as the solution procedure
with respect to the unknown expansion coefficients 682, 6(1"3. apply to exterior problems with no modifications.

An important difference between the interior and exterior formulation arises at the final stage of the algorithm where
the solution on the domain of interest (not only at the boundary) is computed with the help of the Calderon’s potential.

For an interior problem, it is sufficient to know only the immediately preceding partial density §-, to obtain the solution
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on the entire domain  at ¢t =T, see formula (26). For an exterior problem, however, one needs both &, and &, | to
compute u(x, T) for the locations x that are no further away from  than diam Q:

ux,T)= PQEFK + szgl“z(_w dist(x, ) < diam Q.

This situation is illustrated in Fig. 4b: the green characteristic cone with the vertex in Qg at t = T intersects 'y and I'g_.
For even more “remote” points x one would, generally speaking, need additional partial densities: §r, ,, ép, ., .... It means
that whereas the boundary time-marching algorithm with respect to K still involves only two consecutive partial densities,
see formulae (34), (22), for computing the solution on the exterior domain one should store the previous densities as well.
While technically speaking this is unavoidable if the solution is to be known far away from the scatterer, we emphasize
that in many applications it is not required. For example, for computing scattering cross-sections, only the near field of the
scatterer needs to be available.

4. The method of difference potentials

In this section, we introduce a fully discrete formulation of the problem based on boundary equations with projections.
It involves the discretization and numerical solution of the boundary equations (28)-(29) by the method of difference
potentials. For definiteness, we discuss only the interior problems of Section 2. The discretization of exterior problems
(Section 3) will be presented in a subsequent work. In what follows, we will not provide a comprehensive account of
the method of difference potentials, as its detailed exposition is available in the literature [4]. The purpose of this section is
rather to outline the key components of the MDP for time-dependent problems, as opposed to steady-state or time-harmonic
problems that it has been applied to previously (see, e.g., the recent publications [36,37]). We begin with presenting an
alternative yet equivalent definition of Calderon’s potentials that will be more convenient for numerical implementation,
see Section 4.1.

4.1. Auxiliary problem
Let &1, = (%0,&1) be given, and let w = w(x,t) be an arbitrary sufficiently smooth function that is compactly supported

in space and satisfies Trr,w = &, where the operator Trr, is defined by (7). Generally speaking, Ocw # 0. Therefore, for
x € Q the Green’s formula (5) generalizes to

1 9 9G
wx, )= c_2/ {a—vtv(y,O)G(X—y,t)—W(y,O)E(X—y,t)}dy
Q
ow , / / G / /
+/{—(y,t)G(X—y,t—t)—W(y,t)—(X—y,t—t)}dtdSy (35)
on on
It

t
+//G(X—y,t—t’)Dcw(y,t’)dydt’,
0 Q

see [40, equation (7.3.5)]. Since Trr,w =&, the second integral on the right-hand side of (35) coincides with the second
integral on the right-hand side of (6). Consequently, for Calderon’s potential with the density &, we can write:

t
Por, (x,t) = w(x, t)—//G(x—y,t—t/)Dcw(y,t/)dydt/
0 Q

(36)
1/ W . 0GE=—3.0- w30 L x—y.0ld
2 at Y, Y, Y, ot Y. Y.
Q
where it is assumed that x € Q and t > 0. Let us introduce the following new notations:
t), if Q
fan Ocw(x,t), if xe€,
0, elsewhere,
0), if Q
wox) w(x,0), if xeQ, (37)

0, elsewhere,

w0 W (x,0), ifxeQ,
0, elsewhere.
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Using (37), we can recast equation (36) as

t
Patr, .0 =wix.0- [ [ oy c—e)f(y.)dyar
0 R3 (36')
1 aG
—a [ WiCE=Y. 0 —wo(y) - &= y.0) dy,
R3
where the key difference between (36) and (36’) is that the spatial integration in (36) is formally conducted over the entire

R3 rather than over €. Then, it is easy to see that the second and third terms on the right-hand side of (36') represent the
solution to the following Cauchy problem:

Ocvx, )= f(x,t), xeR>, t>0, (38a)
av 3
v}tzozwo, E‘mozwh xeR3. (38b)

Hereafter, problem (38) will be referred to as the auxiliary problem (AP). It will be convenient to use a compact notation
for the solution of the AP:

v=G(f, wo, w1) =G(Ocw|g, wo, wi),

where G is the inverse operator given by the two integrals on the right-hand side of (36'). Then,

Pokr, (x. 1) = w(x, 1) — G(Ocw|,. wo, 1), XEQ. (36")

By design, the Calderon’s potential Poér, (%, t) of (36”), where G is the inverse operator of the AP (38), does not depend on
the choice of the auxiliary function w as long as Trr,w =§r,.

4.2. Discrete AP

The AP (38) is a Cauchy problem formulated on an unbounded region — the entire R3. According to (37), its right-hand
side and the initial data are compactly supported in space on the domain 2. Since the propagation speed c is finite, it is
clear that by the time T > 0 no wave can travel further away from € than the distance cT. Hence, as there are no sources
of the field outside €2, the solution of the AP beyond the aforementioned distance will be equal to zero. Consequently, for a
given final time T the computational domain for the Cauchy problem (38) can be terminated by a zero boundary condition
at the distance cT from €. This is the most straightforward approach to truncating the original unbounded domain of
problem (38).

Denote by ¢ the resulting bounded auxiliary domain beyond which the solution of the AP (38) is zero on the interval
0 <t < T. On the domain g, the AP can be discretized using any appropriate finite difference scheme and supplemented
by zero boundary conditions at €. In this work, we employ the most common central difference second order accurate
scheme on a uniform Cartesian mesh with size h in space; the scheme is stable provided that its time step 7 satisfies
the standard CFL condition: T < h/c+/3. In doing so, the auxiliary domain € can have a simple shape suggested by the
discretization, e.g., it can be a cube. The actual boundary 92 does not have to conform to the discretization grid; this is one
of the key advantages of the MDP.

We will use the superscript “(h)” to denote the discrete functions and operators. Then, for the solution of the difference
AP we can write:

h h
y® = g (B 0 0y

where f® is the discrete right-hand side on the grid, and w(()h) and wgh) are the initial data. The latter, unlike in Section 4.1,
are interpreted as the values of the solution on the first two time levels. Note, that high order accurate schemes are
beneficial as they reduce the numerical dispersion; later, we will incorporate the compact fourth order accurate scheme
[35] into our algorithm.

As we have seen, the size of the auxiliary domain Qg is determined by Q and the final time T. It is very important that
the time T for the AP never needs to be large, even though the overall simulation time may be arbitrarily long. Indeed,
the Huygens’ principle that our methodology relies on allows us to take T = 2Tg, because having the solution of the AP
(38) on  for 0 <t < 2Ty is sufficient for obtaining the operators Pr,, and Rry, in equation (25). Moreover, the “spare”
distance cT = 2cTy required for solving the AP can, in fact, be halved, i.e., reduced to cTg. To see that, let Qg D € be such
that dist(d€20, Q) 2 cTp. We can set an arbitrary (well-posed) boundary condition at 3¢ x (0, 2To]. Then, no wave reflected
from this artificial outer boundary and traveling back toward 2 will be able to reach 2 before the computation is terminated
at T =2Ty. Consequently, the solution inside €2 for 0 <t < 2To will remain exactly the same as the solution to the genuine
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Fig. 5. One-dimensional schematic for the grid sets.

Cauchy problem (38). We have used this approach extensively to design the lacunae-based artificial boundary conditions
(ABCs) for wave propagation problems [27-29]. In the current paper, we will be using it for the numerical simulations of
Section 5. Other useful techniques for truncating the domain of the AP include ABCs, as well as perfectly matched layers
(PMLs), at 9. In particular, a PML has been used for the computations reported in Section 5.4. Further discussion on the
treatment of outer boundaries for the AP is presented in Section 6.

4.3. Grid sets

Denote by N(T’ the space-time discretization grid on which the solution to the finite difference AP is defined, so that for

the entire solution we have v® = vgg. The grid N‘% occupies the auxiliary domain ¢ x [0, T] introduced in Section 4.2.
T

Likewise, let M be the grid, on which the discrete right-hand side f® = fl(v’;g

Cartesian discretization employed in the current paper, the nodes of the tvi/o grids coincide and we make a distinction

between them only for the purpose of considering v™ and f™ separately. However, for a different scheme, e.g., staggered,

N(T’ and M‘% may actually be two different grids. For building the difference potentials, the various subsets of the grids N(T’

and M? are of central importance.

Define M} =M% N {2 x [0, T]} and M; =M%\ M. In other words, the set M} contains all the nodes of the spade-time
grid Mg that happen to be inside € x [0, T] (i.e., interior nodes), while M is the complement of MJ{ to the entire M(T). The
right-hand side f™® will be non-zero on M? and zero on M. Let Ny, be the space-time stencil of the scheme centered at
a given node m € M‘%.S Introduce the sets

is defined. In the case of a central difference

Nf=J Nm. Ny= [J Np, and yr=NfNNj.

+ _
meM7y meM;

The set yr is called the grid boundary. It is a fringe of nodes that straddles the continuous boundary I'r. Clearly, similar
grid sets can be defined for any t < T. In particular, we will be using the grid boundary y; hereafter. It can be thought of
as a discrete counterpart of I'; (see Section 2.1). Figs. 5 and 6 schematically illustrate the foregoing grid sets.

4.4. Difference potentials

Let &, be a scalar grid function defined at the grid boundary y:, see Fig. 5c. Let w® be an auxiliary grid function
defined on N? such that its trace on y; coincides with &,,:

() (h
Try) w® =g,

The discrete trace operator Trg[') restricts the grid function that it operates on from a larger set N? to the smaller set

Ve C N?. Denote by Dgh) the central difference discretization of the d’Alembert operator and define [cf. formulae (37)]:

8 To allow the stencil Ny, to apply to every node of M‘%, the grid N‘} must have one additional layer of nodes at the boundaries of €29, as well as at the
initial and final moments of time.
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time

3D space

Fig. 6. Two-dimensional schematic for a fragment of the set yr.

me@ww,ﬁmeMi

0, if meM,,
(h) i +

W) def | W lng—o if MEN, (39)
0, if n¢ N/,

| def w®| . if neNf,
0, if n¢ N,

where the first component ng of the four-dimensional multi-index n = (ng, ny, ny, n3) is assumed to correspond to the time
variable. Thus, the second and third equations of (39) define the initial data at the first two time levels of the discretization
grid.

The difference potential with the density &, is a grid function defined on N;L [cf. formula (36")]:

h h h
Py = w® — 6O (fi0, wp”, wi), (40)

where the source terms for the difference AP are given by formulae (39). As w® = ¢®Wg®

(40) satisfies the homogeneous finite difference d’Alembert equation on M:r :

w® | the difference potential

=0.

(h)
DC PN:r EVI M+

The difference boundary projection is obtained by restricting the potential (40) to the grid boundary y; [cf. formula (9)]:

def
P&y, = Tth)PN'*'é:J/t (41)
By design, neither the difference potential (40) nor the difference projection (41) depend on the choice of the auxiliary
function w™ as long as the latter satisfies Tr;,hr)w(h) =&y,
The homogeneous finite difference BEP [cf. equation (10)]

P&y =&y, (42)

holds if and only if &, = Tr{"u®) gﬁ
t

N+‘
Eh) 1(\’12 . 0, and satisfies zero initial conditions. The inhomogeneous finite difference BEP [cf. equation (10")]
t

where u ; is a grid function that solves the homogeneous difference wave equation:

h h h
PVt%‘)/t + Tl‘g,t)G(h) (0’ u(() )’ ug )) = SVt (42/)

JUMO)

holds if and only if Elu@ such that Trgff)u(hi =&y, O¢ N+ M =0, and the initial values of u(hi are ug’) and ugh). Thus,

the discrete BEP equivalently reduces the finite difference wave equation D(h) @) |M+ = 0 (subject to homogeneous initial

conditions in the case (42) or inhomogeneous initial conditions in the case (42’ )) from the grid Nf to the grid boundary y;.
This is similar to the continuous setting of Section 2.1, where the BEP (10) (homogeneous) or (10’) (inhomogeneous) reduce
the d’Alembert equation (2a) from the domain © x (0, t] to the boundary T*.

There are many functions &, that satisfy the discrete BEP (42) or (42'), just as there are many functions ug;) that solve

the discrete d’Alembert equation D(h) (Rl;i on the interior nodes Mf (and satisfy the appropriate initial conditions). To make
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the BEP uniquely solvable, we must account for the boundary condition (11) on I't. However, the discrete BEP is enforced
at the grid boundary y; rather than on the continuous boundary I';. We merge the two formulations by expanding the
boundary data with respect to the same finite set of basis functions as in Section 2.4, and then applying the equation-based
extension.

Consider the vector-valued function &, = (o, 51)‘r[ that represents the trace of the solution u to the wave equation (2a)
and its outward normal derivative ‘d’—: on the boundary. Given the density &, the extension defines an approximation Ex &
of u at the discrete boundary ;. It is the extension EXx& that takes the place of £, in the difference BEP.

To have the boundary time-marching scheme of Section 2.3 implemented in a fully discrete setting, we will use the ap-

propriate difference counterparts of the operators Pr, and Rr;, in equation (25). The discrete analogue of the continuous
projection Pr; is Py, =Py, }t:TO obtained by formula (41). The discrete analogue of Rr; , which we denote R, , is also
defined as the trace of a difference potential, but similarly to (24):
def . (h)
RVTOEVTO = Tr)/(TO,ZTO]PN;Tof)/TO- (43)
While the argument of Ry, ie., the density Eyry IS specified for 0 <t < Ty, the difference potential with this density
is computed on the time interval of twice the duration: 0 <t < 2Ty, and the boundary trace, which yields the result of

application of the operator Ry, to0 &y, is taken at the upper portion of the grid boundary: y(1y,21,] = V21, \ Y1, By design,
the grid sets yr, and y(1,,27,] are identical yet shifted in time with respect to one another.

4.5. Equation-based extension

The difference potential may approximate the corresponding continuous Calderon’s potential provided that a certain
relation holds between their respective densities. This relation is given by the equation-based extension that we introduce
in the current section. Let &, = (50’51)}1“[ be given. In the vicinity of the boundary I't, we introduce a new function
v =v(x,t) by means of a truncated Taylor series:

t)= i t)pP 44

V(x, )_ EW(X(% ),0 ) ( )
p=0

where the choice of P is discussed later. In formula (44), x € R3 is a point near 92 and &g is the foot of the normal dropped

from x to 9€2. The quantity p is a signed distance from x to 9<2, i.e., p = |¥ — xg| if ¥ ¢ Q and p = —|x — xp| if x € Q (recall,

n is the outward normal).

The derivatives on the right-hand side of (44) are defined as follows. For p=0, we take v(xp,t) = &(xo,t). For p =1,
we choose g—,‘;(xo, t) = &1(xp,t). This means that Trr,v = &,. The higher-order derivatives are obtained by employing the
d’Alembert equation (2a). Namely, assuming that 9€2 is sufficiently smooth, we can introduce local orthogonal coordinates
in R3 such that two of the three coordinate directions will be tangential to the surface 3$2 and the third one will be normal.
Then, for the Laplacian of v on the surface we can write: Av = g% + Lv, where the operator L involves the derivatives
with respect to n of the order no higher than first, as well as the tangential derivatives. For example, if 92 is a sphere, then

we can use spherical coordinates and write:

Zv 20v 1 9 (. dv 1 9%v
AV=—+ + sinf— | +

ar2 ' rar ' r2sind 90 06 r2sin2 0 8—(,02 ’
Lv
Consequently, using Ocv = Clz % — Av =0, for the term with p =2 in the sum (44) we obtain:
3%v 1 9%
——(x0,t) = = —=(x0,t) — Lv(xp,t). 45
oz %00 =557 Ro. 1) (%0, 1) (45)

On the right-hand side of (45) we have at most first order derivatives with respect to n. So we can immediately evalu-
ate this right-hand side by substituting & and &; in the capacity of v and g_'v' on the surface. In particular, CI—ZB;T{(A'O, t) =
Ciz%(xo, t). Normal derivatives of v of orders p > 2 can be obtained by consecutively differentiating relation (45) with
respect to n and recursively employing the d’Alembert equation to replace the arising second order derivatives on the right-
hand side. This process is known as equation-based differentiation, and the resulting function v(x,t) defined by formula
(44) is called the equation-based extension of the boundary data &r,.

If &, happens to be the boundary trace of a true solution to the d’Alembert equation, i.e., if Ju = u(x,t) such that

Ocu =0 and Trr,u = &, then the equation-based extension v(x,t) given by (44) approximates u(x,t) with accuracy
O(|p|"*1). The extension, however, can formally be applied to an arbitrary pair of functions ér, = (%o, ’;‘1)] ry that do not
necessarily correspond to the trace of a solution to the wave equation. In that case, it defines a new function.
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In the context of the DPM, we will need to evaluate the extension (44) at the nodes of the grid boundary y;, which are
located close to I'; by construction. In this case, we will write:

%:Vt = EXEI"[’ (46)

where Ex is the extension operator (44)-(45). For elliptic equations, a judiciously chosen order P of the truncated Taylor
series (44) guarantees that the difference potential with density &, will approximate the continuous Calderon’s potential
with density & to the design order of accuracy of the scheme,” see [42]. In [36], we have shown that it is sufficient to take
P =4 to achieve fourth order accuracy for the Helmholtz equation. Earlier it has been shown that for second order accuracy
one can take P = 2. The analysis of [42] has not been generalized to the case of hyperbolic equations (yet). Therefore, in
the current paper we take the order P the same as we would have taken it in the elliptic case, and then verify the grid
convergence experimentally, see Section 5.2. Specifically, as the scheme introduced in Section 4.2 is second order accurate,
we choose P =2.

4.6. Full discretization

The discretization that we obtain by means of the MDP employs the discrete BEPs (42), (42’) with the difference projec-
tion Py, that acts on the functions at the grid boundary y;. The unknowns remain defined at the continuous boundary I';.
The two boundaries are connected via the equation-based extension described in Section 4.5. This extension facilitates the
approximation of the continuous potentials by difference potentials.

The time-marching algorithm of Section 2.4 operates with the partition elements of duration t = Ty (implication of the
Huygens’ principle). To represent the solution at the continuous boundary I't = I'r,, we employ the basis introduced in
Section 2.4. In the numerical simulations of Section 5, the boundary 92 is spherical. Hence, we take the individual basis
functions v as products of spherical harmonics on the surface 92 times Chebyshev polynomials in time. For other shapes
of 92, one can use some other type of spatial basis functions (including different bases for different patches on the surface,
if needed). The dimension of the basis that we employ is finite: s =1,2,...,S. The specific choice of S is discussed in
Section 5.1. It is important, however, that the accuracy of representing the data at the boundary via the basis {1/} always
be at least the same or better than the expected final accuracy of the numerical solution on the grid.

Consider the basis vector-functions ¥ s = (s, 0) and ¥, ; = (0, ) that are used for building the expansions (27). Apply

the equation-based extension operator (46) to each of these functions and subsequently compute P,,TO and R),T0 according
0 (41) and (43), respectively. Then, for each s=1,2,..., S we obtain two pairs of vectors of dimension |yr,]|: Py, Exyo
and Ry, Exy, s that correspond to ¥ and Py, Exy, and Ry, Exy that correspond to ¥, where |yr,| is the
number of nodes in the grid boundary yr,. The computation of these vectors for either ¥ = (¥5,0) or ¥ = (0, ¥s)
requires one solution of the difference AP, i.e., 2S such solutions altogether.

Compose the matrices of the columns we have just introduced:

0
QY = [P},TO Exyrg, — ExYrg ... Py Exypo — Exo ... Py Exihg s — EXvg g ]
column # 1 column # s column # S (47)

1
Q;/T)O = [Pyro Exyy 1 —Exyq ... Py EXYy s —EXYy ... Py EXyy 5 — E"'ﬁl,s]»

and

(V)
RO = [Ry,o Exyo; ... Ry Ex¥os ... Ry, EX1/IO’51|,
column # 1 column # s column# S (48)
¢!
Ry = [R,,TO ExYyy ... Ry Ex¥y ... Ry EM[ILS].

The horizontal dimension of each of these matrices is S and the vertical dimension is |yr,|. The columns of the matrices
Q;OT)O and QE,IT)O are the discrete counterparts of QFTO ¥ s and QFTOVI]’S, respectively, from equation (28). Similarly, the
§’1T)0 are the discrete counterparts of RFTOV’O,s and RrTolﬁLs, respectively, see (28).
(1n)

1.’

columns of the matrices R§,0T)0 and R

(

Arrange the coefficients col)S and c(ll)s, as well as cglg and c; ., see Section 2.4, into vectors of dimension S:

T
) (I) M (1)
¢y = [Co,1 e Cos e CO!S] ,

T
1 M 0 1
' = [Cm e Gyl e C1,s] ,

9 There is no time variable in elliptic equations, so the expressions are modified accordingly.
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am _ [ .an (1) (1)
€ =|%%1---Cos - Cos .

(11 (11 (1) (11)
(o) =[c1’] N R 5] .

Then, the fully discrete counterpart of equation (28) can be written as

QO 4 QM M= RO IR (. (49)
The unknowns in equation (49) are the coefficients cgl) and c(lm. They pertain to the continuous formulation in the sense
that they are the coefficients of the expansion of the trace of a continuous solution at the continuous boundary. At the same
time, the boundary equation with projection in (49) is enforced on the discretization grid, specifically, at the grid boundary
¥1,- Similarly to (28), the coefficients cg) and c(f) on the right-hand side of (49) are considered known. They represent the
trace of the solution at the previous partition element, i.e., previous stage of time marching.

Equation (49) is supplemented by equation (29) that accounts for the boundary conditions. This is very convenient, as
the latter is inherited straight from the original IBVP and thus formulated at the continuous boundary with respect to the
same unknowns. The two equations together, (49) and (29), form a system to be solved for the coefficients cgl) and c(]")
In doing so, equation (49) enforces the discrete BEP built on a subset of the regular (Cartesian) discretization grid. The
continuous boundary does not have to conform to this grid and no approximation of the boundary conditions on the grid

is required, because the boundary condition (29) is implemented directly.
4.7. Algorithm

Equations (49) and (29) describe a fully discrete version of the time-marching algorithm of Section 2.4. The simulation
starts with precomputing the matrices Qg,OT)O, Q 5/11)0 and R;,OT) , R“) that all have the dimension of S x |yr,|. This requires a
total of 2S solutions of the discretized AP (38), see Section 4.2.

The time marching is initiated by solving the discretized system (15), (16) for T = Ty:

(0) (1 (ll) (h) ~(h (hy . (h)
QVTO + QVTO 1 = rVTO G( )(0’ Up Uy )’ (50)
TO Zcos¢05+c1 g'/’ls @10- (51)

Equation (50) is obtained directly from the inhomogeneous BEP (42'), where ugh) and ugh) are assumed to approximate the

original initial conditions (2b) with second order accuracy on the first two time levels of the discretization grid. Equation
(51) is the specification of the boundary condition (29) to the very first partition element that corresponds to K =1 <«
t € (0, Tol.

Next, we make one time step by reassigning the coefficients: cg) <~ cgl)

(29) with respect to the new CE) and cl All subsequent time steps are performed the same way. The coefficients are

updated recursively as shown in Fig. 3. The time marching is conducted solely at the boundary, because both the data cg),

D and the unknowns cgl). c(lm for each update pertain to the expansion of the solution with respect to the chosen basis

at the continuous boundary of the domain where the solution is defined. If, at some point in time, the solution needs to
be obtained inside €2 rather than only at 92, it can be computed in the form of a difference potential PN¥ Eyry» where
0

and c(ll) c(l") and solving equations (49),

Eyr, = Ex‘;‘FTO corresponds to the current partition element.

The system of equations (50), (51) is solved in the sense of least squares by QR factorization. The same solution method-
ology is used for system (49), (29). Least squares are chosen because |yr,| is typically larger than S so that both systems are
formally overdetermined. As long as the original IBVP (2) has a unique (sufficiently smooth) solution, one may expect that
the least squares minimum for systems (50), (51) and (49), (29) will be reached at zero (within the approximation accuracy
on the grid).

The matrices on the left-hand side of equation (49) are the same as those on the left-hand side of equation (50) — they
do not depend on time, i.e., on the partition index K. This is the same phenomenon as the time invariance of Ql"ro Yos
and Q I-Tolﬁl,s in the semi-discrete setting of Section 2.4. If, in addition, the operator of the boundary conditions I appears
time-independent so that I, on the left-hand side of (29) does not depend on K (the data ¢ may still depend on t), then
the QR decomposition needs to be performed only once ahead of time. It therefore becomes a part of the precomputing
stage of the algorithm, and only backward substitution is done at every time step, i.e., at every transition from one partition
element to the next. Numerical simulations of Section 5 are conducted for this case. Specific considerations related to
computational complexity are discussed in Sections 5.3 and 5.4. They include, in particular, the analysis and demonstration
of the efficiency of parallel implementation of the proposed algorithm (Section 5.4).

Finally, it is important to emphasize that since the boundary conditions are enforced by means of a separate equation

(equation (51) or (29)), then the same set of operators Qg,OT)O, Q§,1T)o Rg,OT) , and R(l) will allow one to handle various similar
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Fig. 7. Computational domain € and auxiliary domain €.

IBVPs (same geometry but different boundary conditions) at a very small additional computational cost. In particular, in
Section 5.2 the operators were reused (rather than recomputed) for solving Dirichlet, Neumann, and Robin IBVPs.

5. Numerical experiments
5.1. Computational setup

Computational domains and grids The computational domain € is a ball of radius R =1 centered at the origin of the
Cartesian system, see Fig. 7. We solve the IBVP (2) on €2, where the boundary condition (2c) may be of Dirichlet, Neumann,
or Robin type. The specific Robin boundary condition that we use has the form:

u+au
on

Boundary condition (52) can be thought of as an “intermediate” case between the pure Dirichlet and pure Neumann bound-
ary conditions.

The computational domain €2 is embedded into the auxiliary domain g shaped as a cube: Q¢ = [—a, a]®, see Fig. 7. The
AP (38) is discretized and solved on . In doing so, it is truncated with the homogeneous boundary conditions at 9.
The size a of the auxiliary cube g is chosen sufficiently large so as to prevent the waves reflected from the outer boundary
Q2o from reaching 2 over the time interval 2Ty, as explained in Section 4.2. Specifically, a = cTg + R. As such, A depends
on the size Ty of a partition element (introduced in Section 2.2). In theory, Ty can be as small as diam €2/c. In practice,
however, one needs to use a somewhat larger value: Ty > diam Q/c, because the Huygens’ principle holds in the discrete
framework only approximately, rather than exactly. In other words, the backward dependence of the discrete solution in
time stretches slightly beyond the predicted theoretical threshold. A detailed discussion of the discrete implementation of
the algorithms based on the Huygens’ principle can be found in [30,31]. In this paper, we merely take the value of Ty as
To = 2diam /¢, which offers a very substantial “safety margin” and thus guarantees a proper behavior of the method.

An alternative to choosing the auxiliary domain Qg sufficiently large so that the waves reflected off 9 inwards won’t
reach € during the time interval 2Ty is to take a smaller Q¢ but truncate it with a PML at d€2p. This approach potentially
makes solving the AP less expensive. The corresponding numerical simulations are presented in Section 5.4.

The domain g is discretized with a sequence of Cartesian grids that we refer to as Grid 1, Grid 2, and Grid 3 (also
Grid 4 in Section 5.3). The size of the coarsest grid (Grid 1) is h = 2R/15 so that there are 16 points per the diameter of
the computational domain 2. The overall Grid 1 on 2 has 76 nodes in each coordinate direction. The time step is taken
as T = h/3 to make sure that the CFL stability condition also holds with a safety margin. The three subsequent grids, Grid
2, Grid 3, and Grid 4, are obtained from Grid 1 by refining the latter by a factor of 2, 4, and 8, respectively. In all the
computations of Section 5.2, the simulation time is T = 2000 diam<2/c, which is equivalent to 2000 times the time required
for the waves to travel across the domain .

=¢. (52)

Q2

Basis functions and symmetries As the computational domain € is a ball, we use a finite number of spherical harmonics
Yim@®, ), 1 =0,1,...,Lmax, m = —lI,...,1, as basis functions in space (i.e.,, on the boundary d€2). The basis functions in
time are Chebyshev polynomials Tj(t), t € [0, Tg]l, n =0, 1, ..., Nmax. Thus, the overall space-time basis functions ¥ on
'ty =32 x (0, To] (see Sections 2.4 and 4.6) are the products: ¥s = Ty (t)Yim (6, ¢), where s = {I, m, n}.

The spherical harmonics with opposite m satisfy:

Yi—m(®, @)= (=D"Y;,(0, ),

where the asterisk * denotes complex conjugate. Let ¥ ¢ = (¥5,0) = (Tn(t)Ylm(G, ), O), as defined in Section 4.6, and let
also Yoy = (Yg,0) = (Ta(O)Y,_m(6, ), 0). Then, it is easy to see that
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Py, Exyo o = (—1)"(Py; Exy)", (53)

because the operator Dgh) and the Chebyshev polynomials are real.!’ The same is true for Vi1s=(0,v5)= (0, Th(O)Y (0, gz)))
and ¢ g = (0, v¥y) = (0, Tn(t)Y;,_m (0, ¢)). Therefore, even though the dimension of the finite basis is S = (1 + Nmax)(1 +
Lmax)?, the actual number of discrete APs that need to be solved to obtain either Q(O) or Q(l) f (47) is only
(1 4+ Nmax)(1 4 Lax) (2 + Lmax)/2 (see Section 4.6). The remaining columns of the matrices Q(O) and Q“) are obtained

with the help of (53). The same applies to R(O) and Rm of (48). For the numerical simulations of Sections 5.2 through 5.4,

we choose Nipax =11 and Lyax = 9. These dlmensmns enable a sufficiently accurate representation of the boundary data on
'ty = 982 x (0, Tol, which allows us to demonstrate the convergence of the numerical solution on fine grids.

Reference solution The monochromatic plane wave

Urer(X, t) = cos(k - X — wt) (54)
solves the three-dimensional homogeneous wave equation (2a) and is used as a reference solution with w =1 and k =
%(1, 1,1) so that the dispersion relation holds: |k| =k = w/c. The data for the initial and boundary conditions (2b) and

(2c) are derived from (54) at t =0 and on T, respectively.
Expanding e®** over the spherical functions and e’ over the Chebyshev polynomials, one can represent the trace of
the reference solution (54) on 92 as follows:

(e ele o}

—T
costle =0l = 35" 3 Ay (@000Yin(6 ot (1) (55)

n=0 |=0 m=—I

where the polar angle 6 and azimuthal angle ¢ correspond to a given x € Q2. The argument of T, ranges from —1 to 1 as
the time t ranges between 0 and Tg. The coefficients Apm(w, k) are given by:

Anin(@, 1) = 27" jykR) {an (@) + (~Dan(—) | Vi 0", 0, (56)
where
(@) = (—=1)"e~0FT0/2) (T, /2) x b= (57)
2, n>0.

The angles 6" and ¢’ in (56) determine the direction of k, and j;(-) denotes the spherical Bessel function. In (57), Jn(-) is
the Bessel function of the first kind.

Formulae (55)-(56) provide the coefficients ¢y required for the solution of the Dirichlet problem. For the Neumann
problem one needs c, i.e., the expansion of the normal derivative of (54) on 0€2, which can be obtained from (55)-(56) by
differentiating with respect to R. The resulting expression is, again, given by (55) with the substitution j;(kR) — kji’(kR)
n (56), where j/'(-) is the first derivative of the spherical Bessel function. The Robin boundary condition (52) yields a
relationship between cg and c; rather than the actual values of the specific coefficients. So in this case no expressions
similar to (56) are required. Instead, the aforementioned relations between c¢g and c¢; become a part of the overall linear
system that is solved by least squares.

Conditioning Since system (50), (51), as well as system (49), (29), will be solved by least squares, it is useful to estimate
the condition number of the corresponding system matrix. For simplicity, we choose the Dirichlet problem and consider the
rectangular matrix Q§,1T)O, see formula (47). Its condition number in the sense of the Euclidean norm | - || is given by (see
[43, pages 94-95]):
o
(Qim) =@ I 1@5 =27
mm

where the superscript + denotes the Moore-Penrose pseudo-inverse, and opmax and o, are the largest and smallest sin-
gular values of Q;,]T)O, respectively. The singular values are computed numerically on four consecutive grids and the results
are summarized in Table 1.

From Table 1, we see that the condition number of Q y) decreases as the grid is refined. This behavior indicates that the

problem we will be solving by least squares is well conditioned. If the grid were to be refined further (beyond Grid 4), w
expect that the condition number would approach (asymptotically) a sufficiently small limit value. As far as the mechanism

10 See Section 4.4 for the construction of difference potentials/projections, in particular, the operator Py, and Section 4.5 for the construction of the
equation-based extension EX.
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Table 1
Maximum and minimum singular values and the
condition number of Q%

Omax Omin K( 5/112))
Grid1 14.94 5.15x 1073 2901
Grid 2 40.44 6.51x 1072 621
Grid3 11085 298x10~! 372
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Fig. 8. Grid convergence in the maximum norm of the finite-difference solution on the domain 2; the simulation time T = 2000 diam$2/c. Upper graph —
Grid 1; middle graph — Grid 2; lower graph — Grid 3.

of improvement of the condition number shown in Table 1, we attribute it to the system of grid functions {E:n/rLS}SS=1 that
help define Q;}T)O in (47) becoming closer to orthogonal on finer grids. Indeed, while the continuous basis functions ¥ ¢
are chosen orthogonal, their extensions Exy ; to the grid boundary yr, do not, generally speaking, maintain this property.
However, on finer grids the grid boundary yr, straddles the continuous boundary I'r, “tighter” and hence the grid functions
Exy; ; move closer to orthogonal.

The condition number of the matrix Q§,0T)0 of (47) that is used for solving the Neumann problem behaves basically the

same way as the condition number of Q g}T)O shown in Table 1.

5.2. Results of computations: grid convergence and accuracy analysis

In this section, we present the numerical results for the Dirichlet, Neumann, and Robin IBVPs. Since these problems
share the same geometry, then on a given grid they are solved using the same operators Qg,OT)O , Q%}T)O , R;,?O , and R;}T)o. The
operators do not need to be recomputed when the boundary condition changes.

In Figs. 8a and 8b we show the error profiles for the Dirichlet and Robin boundary conditions, respectively, as functions
of the time t. These figures clearly demonstrate that there is no error accumulation over time, and that the numerical
solution converges to the reference solution (54) uniformly in time with the design rate of the scheme (second order) as
the grid is refined.

The performance of the method in the case of a Neumann boundary condition is, however, different. As indicated by
Fig. 9a, the error accumulates linearly in time. The rate of accumulation decreases as the grid is refined, and at any fixed
moment of time one still observes the design second order grid convergence. Yet the error grows as the time elapses.

However, the growth of the error is completely eliminated if, instead of the finite difference solution itself, we consider
its gradient, i.e., the derivative in a given spatial direction. This is demonstrated in Fig. 9b that shows three temporally
uniform error profiles for the gradient of the solution and thus corroborates the grid convergence with the design rate of
the scheme.

In Table 2, we summarize the grid convergence results that correspond to Figs. 8a, 8b, and 9b. Convergence rates are
calculated by taking a square root of the ratio of errors on two subsequent grids. In all cases, the method demonstrates the
design second order convergence.

The phenomenon of error accumulation shown in Fig. 9a is specific to the Neumann boundary conditions. We have not
observed any growth of the error in any simulations that we conducted with either Dirichlet or Robin boundary conditions.
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Fig. 9. Grid convergence in the maximum norm of the finite-difference solution on the domain  in the case of the Neumann boundary condition; the
simulation time T = 2000diam$2/c. Panel (a): upper graph — Grid 2; lower graph — Grid 3. Panel (b): upper graph — Grid 1; middle graph — grid 2; lower
graph — Grid 3.

Table 2
Time averaged error on different grids and convergence rates calculated from plots 8a,
8b, and 9b.
Grid 1 Grid 2 Rate  Grid 3 Rate
Dirichlet BC 8.03x107> 264x107> 174 6.87x107% 196
Robin BC 289x107%  750x10 196 1.87x10™°> 199

Neumann BC (V) 4.86x10™*% 129x107% 194 348x107> 192

We attribute this phenomenon to the fact that the linear function a+ bt satisfies both the homogeneous d’Alembert equation
and homogeneous Neumann boundary condition. Therefore, small perturbations of the initial data may give rise to the
spurious solution a + bt that increases as the time elapses. This spurious mode does not exist for either Dirichlet or Robin
boundary conditions. Taking a spatial gradient of the solution eliminates it in the Neumann casel. Hence, there is no error
accumulation in Fig. 9b. A rigorous derivation of the formulae that yield solutions to IBVPs for the d’Alembert equation
(including the Neumann case) can be found in [44, Chapter 2]; it is based on separation of variables.

In Appendix A, we discuss the phenomenon of error growth for Neumann IBVPs in more detail, and also present the
results of additional numerical simulations. We emphasize that this phenomenon is apparently not related to our specific
numerical method that is based on difference potentials and the Huygens’ principle. Indeed, in Appendix A we observe the
same behavior of the error in the case of straightforward integration of a Neumann IBVP for the wave equation on the
Cartesian grid in a rectangular box.

A certain deterioration of numerical performance for Neumann boundary conditions has been previously reported in the
literature, e.g., in the case of spectral methods [45].

Fortunately, in most physical applications, a Neumann IBVP for the wave equation would be formulated for the potential
of the field rather than for the field itself (e.g., vector and scalar potentials in electrodynamics, velocity potential in fluid
mechanics, etc.). To obtain the observable quantity, i.e., the field, one needs to differentiate the potential, which removes
the error growth.

5.3. Computational complexity for a fixed time interval

In the next two sections, we analyze the complexity of the boundary time-marching algorithm of Section 4.7 and com-
pare it against that of the conventional volumetric time marching. The volumetric integration is conducted by means of the
same finite difference scheme as used for solving the discrete AP in Section 4.2, but applied to the original problem (2) on
a simple domain, namely, the cube [—R, R]3. Although the latter is somewhat larger than the ball = {r < R}, this choice
involves no special treatment of curvilinear boundaries on the Cartesian grid and is sufficient for the purpose of comparison.

In Fig. 10, we plot the computational time CPU(Ty) required to advance the numerical solution over a fixed interval Ty
of physical time on the successive grids, Grid 1 through Grid 4. The interval Ty is chosen as a natural time scale, see (23),
and each subsequent grid is a refinement of the previous one by a factor of 2. In the case of a conventional volumetric time
marching by means of an explicit scheme, the execution time CPU(Tp) is proportional to the overall number of grid nodes
used by the algorithm during the time interval Ty:
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Fig. 10. Log-log plot of the computational time vs. grid dimension (i.e., the refinement factor relative to the coarsest grid — Grid 1) for computing the
solution during the physical time interval Ty on four successive grids.

CPU(To) = const x (number of time steps per To) x N> = const x N4,

(58)
or InCPU(Tp) x4InN.

In (58), N is the grid dimension in one spatial direction. In addition, we assume that cTy ~ diam2 = 2R and the time step
is proportional to the spatial grid size so that the number of steps per To will scale linearly with respect to N. This yields a
total of O(N*) grid nodes in space-time over the interval Ty. The computational cost directly proportional to N4, see (58),
indicates a linear computational complexity with respect to the grid dimension.

In the case of the boundary approach, we expect

CPU(Tg) = const x S x N3, or InCPU(Tp) «3InN. (59)

Indeed, the linear system (50), (51) (or (49), (29)) is solved by least squares, i.e., by QR factorization. The horizontal dimen-
sion of this system is equal to the number of basis functions S, see formula (47), while its vertical dimension is |yr,| ~ N3,
The cost of factorization itself, however, is not included into CPU(Tp) of (59); this quantity accounts only for the cost of
backward substitution performed after the factors Q and R have been determined. The number of basis functions S is cho-
sen ahead of time and fixed for the entire range of simulations on a sequence of grids, see Section 5.1. Hence, formula (59)
shows a sub-linear complexity with respect to the grid dimension, because the computational cost in (59) grows slower
than the total number of grid nodes. Note, however, that the cost of precomputing the operators in equation (49) is not
included into the estimate (59) either. This cost, along with the cost of QR factorization per se, will be addressed in the
context of parallelization, see Section 5.4.

Fig. 10 suggests that CPU(Tg) indeed behaves as predicted by formulae (58) and (59) when N increases 2, 4, and 8
times. To facilitate the comparison, we explicitly show the slopes of individual segments of the log-log lines (58) and (59)
between the successive grid refinements. Fig. 10 also indicates that the boundary method outperforms the volumetric one
only on sufficiently fine grids. The reason is that on coarse grids, the “thickness” of yr, may be comparable to the size of the
computational domain, see Figs. 5¢ and 6, so the boundary problem does not benefit yet from its reduced dimensionality.
As the grid is refined, the dependence of the actual cost on N involves specific proportionality constants (fixed values
determined by a given method) both in formula (58) and in formula (59). In the case of the boundary method, see (59), the
cost is also proportional to the number of basis functions S (which is fixed as well). While it is clear that as N increases,
the right-hand side of the first equation in (58) grows faster than that in (59) and will eventually dominate, the specific
value of N where the two curves intersect depends on the aforementioned constants. As Fig. 10 shows, for our particular
computational setting the intersection occurs somewhere between Grid 2 and Grid 3.

5.4. Computational complexity over long runs and parallelization in time

The operators Q§,0T)0 , Qg,]T)O, Rg,(;)o, and Rg,]r)o that appear in equation (49) need to be computed prior to starting the time
marching. According to formulae (47) and (48), this requires solving the discrete AP on the interval 2Ty for each basis
function Yos O Y15 5=1,2,...,5, which is a major contribution to the overall computational complexity. The overall
number of APs M that need to be solved is reduced due to symmetry, see Section 5.1, but may still remain substantial.
For our simulations, we take Npax = 11 and Lpax = 9, which yields a total of M = (1 + Npax)(1 + Lmax) (2 4+ Lmax)/2 = 660
APs to integrate. However, this workload can be distributed over multiple computational cores with high efficiency, since
different APs are completely independent from one another. Hence, ideally, the time needed to precompute the operators in

equation (49) should decrease proportionally to the number of cores.
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All the simulations reported in the current paper are performed on a 32-core Dell PowerEdge server with two Intel®
Xeon® CPU E5-2698 v3 2.30GHz processors and 512 Gb RAM, running Linux OS. In our code, the APs are split into groups
of 32 as per the number of cores. Numerical solution of each AP is rendered by a Fortran subroutine (Intel® Parallel Studio
XE Composer Edition for Fortran) that takes a given basis function ¥ ; or ¥4 ; as input. This subroutine with different input
data is cloned for parallel execution on 32 computational cores using OpenMP 3.0 APIL For a shared memory architecture,
this appears a relatively easy task. On the coarsest grid (Grid 1), the single-core and multi-core runs take 70.28 and 3.32
seconds, respectively, which yields a speed-up of approximately 21 times or, equivalently, the parallelization efficiency of
about 66%. On the next grid (Grid 2), the computational times are 1128.61 and 54.26 seconds, respectively, which again,
yields the same acceleration by approximately a factor of 21. On finer grids, the acceleration factor remains around 20. This
is still less than the theoretical limit of 32, which would correspond to a 100% parallelization efficiency in distributing the
independent APs between the computational cores. The reason for having a somewhat reduced parallelization efficiency
may be related to hardware (shared memory as opposed to distributed memory) or software or both. In this paper though,
we do not pursue a further increase of parallelization efficiency and rather leave this objective for the future.

The overall computational complexity of the algorithm as a function of the physical time t, measured in terms of the exe-
cution time: CPU = CPU(t), behaves differently for the conventional volumetric time marching and boundary time marching.
In the case of a conventional marching, the execution time is directly proportional to the physical time:

CPUvol(t) = CVOIL (60)

where Cyo is a constant that depends on the grid dimension.!! The value of Cy can be easily determined from the data
presented in Fig. 10. On a given grid, one merely has C,o = CPU(T)/To, where CPU(Ty) is introduced in equation (58).
For the boundary time marching, the complexity is given by

CPUppq (t) = CPUg + Cppqt. (61)
In formula (61), CPUyg is the initiation cost needed for precomputing the operators Q;,OT)U, Qﬁ,lT)O, R;,OT)O, and R;}T)O, as well as
performing the QR factorization for the resulting linear system (49), (29), while Cp,q is another constant that depends on
the grid dimension. Similarly to Cy, of (60), the value of Cp,g in (61) can be obtained from the data presented in Fig. 10:
Cpnd = CPU(Tg)/To, where CPU(Ty) is introduced in equation (59) (it does not include the initiation cost).

The sub-linear complexity of the boundary method implies that on sufficiently fine grids we have Cpng < Cyol, and
the finer the grid the more significant is the difference. This is evident from Fig. 10, see also formulae (58) and (59).
Therefore, even though CPUy presents a substantial contribution to the overall complexity of the boundary method, see
(61), the slower rate of increase in (61) compared to (60) implies that there exist a break-even simulation time tge beyond
which the boundary time marching outperforms the volumetric one. The behavior of CPU,(t) and CPUph4(t), including the
determination of tgg, is schematically shown in Fig. 11, while from (60) and (61), we find:

CPUg

D (62)
Cvol — Chnd

g =
According to (62), the value of tgg depends on CPUp; the larger the initiation cost, the further away on the horizontal
axis the moment tpg is located, see Fig. 11. The initiation cost CPUy, in its own right, is the cost of solving a predetermined
number M of APs on the time interval 2T (proportional to M x N*) plus the one-time cost of QR factorization (proportional
to S2 x N3). Beyond the initial execution time CPUy, the specific cost of the boundary method, i.e., its cost per unit time,
becomes (much) lower than that of the volumetric method, and the lower the finer the grid. Therefore, at t = tgg the overall
cost of the boundary method also becomes lower than that of the volumetric method.

Moreover, as we have shown, the computation of the operators in equation (49) can be efficiently parallelized on a multi-
processor (or multi-core) platform. The same is true regarding the QR factorization. It can be computed very efficiently by
the standard Mathematics Kernel Library (MKL), which is a part of Intel® Parallel Studio. In doing so, the cost of computing
the QR factorization appears negligible compared to the cost of solving M APs over the time interval 2Tg. Therefore, from
now on we will be assuming that the initiation cost CPUg consists of only solving the APs. In the case of a sequential
implementation, this cost is obviously the same as what would have been the cost of integrating a single AP over a long
time interval — the interval equal to 2ToM, where M is the number of APs. In the case of a parallel implementation, the
actual wall-clock time for this computation becomes

CPUg

P
where P is the factor that determines the parallelization efficiency. In our simulations, the value of P varied between 20
and 21, with the theoretical limit of 32 on a 32-core system. Given the relation (63), one can interpret the execution time

CPUj = (63)

11" Recall, the volumetric integration that we need for comparison purposes is performed on a cube [—R, R]?, where R is the radius of the ball €, see the
beginning of Section 5.3.
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Fig. 11. Schematic dependence of the execution time CPU(t), i.e., the computational cost, on the physical time t for the volumetric and boundary time
marching. The actual data are summarized in Table 3.

Table 3
Parameters of the simulation that characterize the complexity.

Cpnd, 5¢¢/To  Cyol, sec/To  CPUp, sec  tg, To

Grid 3 1.8 2.3 766 1532
Grid4 15 49 12792 376

CPUj, as the cost of integrating a single AP over the time interval 2ToM/P, which is P times shorter than the interval 2ToM
that corresponds to a fully sequential, i.e., single-core, implementation. This can be thought of as parallelization in time.

Accordingly, in Fig. 11 we schematically show two graphs of complexity for the boundary method. The first one corre-
sponds to equation (61) with the full non-modified initiation cost CPUp, and the second one corresponds to the modified
equation:

CPU}, 4(t) = CPU + Cppat, (61)

with the new initiation cost CPUj, that is reduced by a factor of P due to parallelization. We are also showing two break-even
moments of time, one given by (62) and the other one that corresponds to parallelization in time:

, CPU6 tBE
tBE == -~ ~ -
Cvol — Cbnd P

Formula (62’) is obtained from (61) and (60).

The AP can be solved on a large domain ¢ that won’t allow the reflections from its outer boundary to reach the interior
domain 2 during the time interval 2Ty, see Fig. 7, or it can be solved on a smaller domain ¢ terminated with a PML.
The second approach is potentially less expensive. Hence, in our subsequent simulations we employ a Cartesian PML for the
3D wave equation proposed in [46]. We also note that a comparative study of complexity for the various treatments of the
artificial outer boundary is available in [47]. As our test solution (54) has a fairly long wavelength: 27 /|k| = 27, we could
not make the PML too narrow and took its width as approximately 0.67, where the diameter of the computational domain
Q is equal to 2. The damping profile of the PML was chosen quadratic, with the damping constant ¢; = 75 in each spatial
dimension. Overall, the use of the PML [46] has allowed us to reduce the grid dimension on the auxiliary domain Q¢ from
76 x 76 x 76 to 45 x 45 x 45 for our coarsest grid — Grid 1. For the finer grids, the relative reduction of dimension was the
same.

In Table 3, we present the values of Cpng, Cyol, CPUp, and ty (measured in the units To) on Grid 3 and Grid 4 in the
case of the AP terminated with a PML. The quantities Cp,g and Cyo are obtained from the data presented in Fig. 10, as
suggested previously.'?

As Table 3 indicates, the value of CPUj, increases by roughly a factor of 16 when the grid is refined by factor of 2 (this
follows the ©(N*) asymptotic that characterizes the plain volumetric integration employed at the precomputing stage). The
value of Cyo has increased by a factor of 21 between Grid 3 and Grid 4 (theoretically, it was supposed to be a factor of

(62)

12 More accurate estimates of Cpng and Cyop on the time interval of length 100T, yield the same results.
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16), while the value of Cpyg has increased by a factor of 8, as predicted by analysis. As a result, the break-even time ty; has
dropped by a factor of 4.

The scaling shown in the first three columns of Table 3 is expected to remain the same if the grid were to be further
refined. Namely, every reduction of the grid size by a factor of 2 should cause the increase of CPUy and Cyq by a factor of
16, and the increase of Cpnq by a factor of 8. After n successive refinements starting from a given grid, we obtain with the
help of formula (62):

CPU,,

e
CVOl - 27? 21

o _

BE = (64)

Expression (64) shows that on one hand, on finer grids the break-even time is shorter, which makes the boundary method
more beneficial. On the other hand, the relative cost of the boundary time marching compared to that of the conventional
volumetric time marching becomes progressively smaller (compare the two terms in the denominator on the right-hand
side of (64)). Asymptotically on very fine grids (as we formally take n — oo in (64)), this cost can be disregarded. Then, the
break-even time approaches a finite limit: tgg) — CPUp/Cyot. In other words, on sufficiently fine grids one can think that the
cost of the boundary method beyond the initiation expense is negligible.

It is to be reiterated that the initiation cost CPUj that has already been reduced by parallelization, can also be shared
between multiple similar problems (e.g., problems with the same geometry but different boundary conditions). This further
increases the overall efficiency of the proposed boundary method. For example, all the solutions presented in Section 5.2

(Dirichlet, Neumann, and Robin boundary conditions) were computed using one and the same set of operators Q g,(;)o Q?}T)O,
©)
R

Vro” and R%}T)O on a given grid. We needed to recompute the operators only on a new (finer) grid, while on the same grid
they were reused, and the initiation cost CPU; was incurred only once.

6. Discussion

By combining the method of difference potentials with the Huygens’ principle, we have built a boundary time marching
algorithm for the unsteady wave equation that offers a better computational complexity (sub-linear) that of the conventional
volumetric time marching. The performance of the proposed algorithm has been demonstrated experimentally by solving a
range of interior IBVPs with the Dirichlet, Neumann, and Robin boundary conditions.

Our algorithm uses only regular structured grids yet allows one to discretize the formulations that involves general
non-conforming geometries with no loss of accuracy. It also facilities sharing the computational cost between multiple
similar problems. On multi-processor (multi-core) systems the algorithm takes advantage of what can be thought of as
parallelization in time.

The possible future extensions include going from second order accuracy to high order accuracy (which is important
for the numerical simulation of waves as it reduces the dispersion error), running the computations for exterior problems,
addressing more realistic geometries, getting better parallelization efficiency, and moving from scalar governing equations
to systems (e.g., Maxwell’s).

High order accuracy can be achieved by replacing the currently used central difference second order accurate scheme
with a compact high order accurate scheme [35]. In doing so, the grid sets defined in Section 4.3 may change and the
extension operators of Section 4.5 may need to be built to higher order, but the rest of the algorithm will stay unaffected.

The simulation of exterior problems is expected to be even more beneficial from the standpoint of complexity than the
simulation of interior problems. The reason is that the proposed boundary method requires solving the AP that involves a
PML, which increases the overall grid dimension and adds the cost (per unit time) compared to the plain interior problem.
In the case of exterior problems, however, the reference volumetric time marching will also have to include a PML, which
will place both methods on an equal footing and make the break-even time much shorter.

Let us also note that as the Huygens’' principle allows one to solve the AP only on a finite time interval, then for the
boundary time marching it eliminates any potential concerns related to the long-time performance of the chosen PML.
In [48,30,31,49], we have employed lacunae and the Huygens’ principle for the stabilization of ABCs and PMLs over long
simulation times.

Extension to systems will begin with obtaining the vector counterparts to the Green’s formulae (5) and (31). The
parallelization efficiency may be improved by porting the code to a different hardware architecture and/or making the
appropriate software modifications.

Appendix A. Numerical solution of the wave equation subject to Neumann boundary conditions

Our goal here is to demonstrate that the linear growth of the error that we observed in Section 5.2 in the case of a
Neumann boundary condition, see Fig. 9a, is not related to the application of the MDP and/or the Huygens’ principle, and
can rather be reproduced for the simplest “textbook” discretization as well.

To that end, consider an interior Neumann IBVP (2) for the three-dimensional wave equation on the domain of a simple
shape — a cube € = [—Rg, Ro]>. We will solve this problem numerically using the same second order accurate central
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Fig. 12. Error profiles in the maximum norm for the Neumann and mixed problem solved on a Cartesian cube. A log-linear scale is used in the panels (b)
and (c). Upper graph — Grid 1; lower graph — Grid 2.

difference scheme as used for solving the AP, see Section 4.2. To approximate the Neumann boundary conditions with
second order accuracy, we choose the uniform Cartesian grid in such a way that the boundary of the cube Q would cross
through its cell centers rather than actual nodes. Then, the normal derivative can be approximated with second order
accuracy as follows:

ou L Uip1 — Ui
omli h

)

where the subscript i corresponds to the direction of differentiation. For the numerical demonstrations in this section, we
will use the same plane wave test solution (54) as used in Section 5.2.

In Fig. 12, we plot the maximum norm of the error as a function of time. Fig. 12a corresponds to the error of the
Neumann solution itself, and one can clearly see that this error increases linearly as the time elapses (cf. Fig. 9a). In contrast
to that, the gradient of the solution shows no error accumulation at all for the entire length of computation, see Fig. 12b
(cf. Fig. 9b).

Another case where the error profiles appear flat is that of the mixed boundary conditions. For example, Fig. 12c cor-
responds to a problem where five faces of the cube still have Neumann boundary conditions whereas on the sixth face
we set a Dirichlet boundary condition. Even though this setting differs from the pure Neumann problem by the type of the
boundary condition only on one face of the cube, it already eliminates the error growth. We have also carried out additional
“weaker” simulations, increasing the number of faces with Dirichlet boundary conditions all the way up to the full Dirichlet
problem, with no sign of error accumulation.
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We thus conclude that the growth of the error observed in Fig. 12a (see also Fig. 9a) can unambiguously be attributed to
the full Neumann boundary conditions. A qualitative explanation of this error growth may be given as follows. The function
a + bt, where a and b are constants, satisfies both the homogeneous wave equation and homogeneous Neumann boundary
conditions. The constants a and b can be interpreted as the solution and its first time derivative averaged over the spatial
domain 2 at t = 0. Therefore, if the initial data (at t = 0) for a given Neumann problem have a non-vanishing mean a and/or
non-vanishing mean time derivative b, then the solution for t > 0 may have a component a + bt that grows over time unless
b = 0. As a simple physical illustration of such a solution in the one-dimensional case, one can think of the oscillations of
a string with free endpoints, where the Neumann conditions correspond to a force applied to those endpoints. Then, the
constant a represents the initial location of the string’s center of mass and b yields the string’s initial momentum. If b # 0,
the overall motion of the string can be decomposed into the motion of its center of mass according to the law of classical
mechanics: a+ bt, and the oscillations in the center-of-mass moving frame. In our simulations, even though the initial mean
time derivative of the reference solution (54) vanishes at t =0 (due to a symmetry with respect to the origin), the round-off
errors may still lead to an effective non-zero b and hence to the observed linear growth of the error.

Note that in the case of Dirichlet, Neumann, or Robin boundary conditions (2c), the solution of IBVP (2) can be written
in the form of a Fourier series, see [44, Chapter 2]. In particular, if (2c) is a homogeneous Neumann boundary condition
(¢ = 0), then the series takes the form:

oo
u(x,t) =ag + bot + Z(as cos Ast + bgsin Ast) v (X), (A1)

s=1

where vg(x) are Neumann eigenfunctions of the Laplacian on £ and —2 are the corresponding eigenvalues. Under certain
constraints on regularity and compatibility of the initial data ug and uq in (2b), series (A.1) can be proven to converge
uniformly with respect to x and t, along with the series obtained by its term-wise differentiation. Then, the sum of series
(A1) yields a classical solution of IBVP (2).

The linear growth of the error that we observed in our Neumann simulations shall therefore be attributed to the first
two terms of the series (A.1): ap + bot. They correspond to Ao = 0 and vg(x) = const. In contradistinction to (A.1), for the
boundary conditions other than Neumann the solution is given by a series that contains neither a constant nor linear term:

o0
u(x,t) = Z(aS C0S Ast + bg sin Ast) v (X). (A.2)

s=1

In formula (A.2), vs(x) are eigenfunctions of the Laplacian subject to the appropriate boundary condition (Dirichlet or
Robin). Series (A.2) convergence uniformly under the same conditions as guarantee the convergence of series (A.1), see [44,
Chapter2]. Unlike (A.1), formula (A.2) does not allow error growth over time.
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