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ABSTRACT. Traditional autofocus algorithms for synthetic aperture radar (SAR)
are designed for correcting image distortions caused by uncertainties in the
antenna trajectory. These algorithms are not well suited for correcting the dis-
tortions due to the ionospheric turbulence in the case of spaceborne SAR. The
reason is that in conventional imaging with no turbulence, the phase pertur-
bations of SAR signals that cause the distortions depend only on the antenna
position while in the case of propagation through turbulence, for each antenna
position, they additionally depend on the target coordinates. The latter de-
pendence cannot be adequately addressed by traditional autofocus.

In our previous work, we have built a variational transionospheric SAR aut-
ofocus algorithm that circumvents the deficiencies of conventional techniques.
It is applied concurrently with the SAR inversion per se, and demonstrates su-
perior performance for a broad range of imaging scenarios. It also outperforms
its nearest alternative, which is a two stage non-variational procedure that in-
volves traditional autofocus preceded by screen projection for approximating
the ionospheric effects. Yet, the performance of our optimization-based auto-
focus is not uniform. For high levels of turbulent fluctuations and clutter, its
focusing ability appears not as robust because the corresponding optimization
formulation is not convex.

In the current work, we enhance the optimization performance in the non-
convex case by carefully selecting the initial guess for gradient descent. We
choose it as the outcome of the foregoing two stage screen projection algorithm.
This leads to a drastic improvement in the quality of focusing while adding little
to the computational cost.

1. Introduction. Spaceborne synthetic aperture radars (SAR) are prone to image
distortions caused by the Earth’s ionosphere. The mechanism of distortions can be
traced back to the dispersive propagation of radar signals through the ionospheric
plasma, which leads to phase perturbations.

There are two types of image distortions, those due to the background ionosphere,
and those due to the ionospheric turbulence. The former can be mitigated efficiently
via multiple acquisitions (such as dual-carrier probing) followed by registration that
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helps determine the unknown ionospheric parameters needed for adjusting the SAR
signal processing algorithm, see [4,20] and [5, Chapter 3]. The latter are more diffi-
cult to handle because SAR signals propagating between the antenna and different
locations on the target travel through different regions of turbulent plasma and thus
acquire different phase perturbations. These turbulence-induced perturbations are
often referred to as scintillation phase errors (SPEs). They are stochastic in nature,
and the corrections obtained with the help of dual-carrier probing appear insuf-
ficient for reducing the corresponding distortions. Moreover, as indicated in the
recent review paper [13], the defocusing of SAR images due to scintillation phase
errors “remains an intractable issue that has not been well mitigated by autofocus
processing.”

Mitigation of image distortions caused by the propagation of radar signals through
the ionospheric turbulence requires reconstruction and suppression of the actual
phase perturbations. The reason conventional autofocus algorithms prove ineffi-
cient for correcting the turbulence-induced distortions is that they are originally
constructed to correct the distortions due to the uncertainties of the antenna tra-
jectory [2,12,22]. Indeed, these algorithms assume that signal perturbations depend
only on the antenna coordinate (i.e., slow time). However, in the case of imaging
through turbulence, different signal travel paths to and from a given antenna posi-
tion lead to different phase perturbations [10, 15].

An autofocus algorithm that specifically takes into account the dependence of
turbulence-induced signal perturbations on target coordinates was proposed in our
work [10]. It is a variational procedure that derives a correction for SPEs as a
solution to a special optimization problem. Yet, it is not a complete data-fitting
approach (such as full waveform inversion) because it uses a non-variational SAR
imaging functional for reconstructing the unknown ground reflectivity. A parame-
terized form of the unknown SPE correction is included in this functional so that
by varying the parameters, one can achieve the optimal focusing.

To represent the ionosphere in our work [10], we have used a simplified model
known as the phase screen, which streamlines the analysis and computations. Error
estimates supporting the use of a phase screen can be found in [8], while the phase
screen elevation can be chosen with the help of the vertical autofocus algorithm
of [7].

The performance of the optimization-based methodology of [10] has been found
superior for a variety of computer-simulated SAR imaging scenarios. In [9], we
have also compared it against that of a conventional autofocus augmented by pre-
processing based on screen projection [14] and observed a consistent advantage in
the quality of focusing offered by the optimization-based method. In the recent
paper [11], we conducted a statistical analysis of the optimization-based autofocus
[10] aimed at corroborating its robustness and identifying limitations across a broad
range of factors that affect its performance.

An important conclusion drawn in [11] is that the reduction in the focusing
quality of the variational algorithm [10] for high levels of turbulent fluctuations
and clutter can be attributed to the lack of optimization robustness. Indeed, the
optimization problem introduced in [10] for obtaining the SPE correction is non-
convex. A gradient-based optimizer applied to such a problem may converge to a
local rather than global minimum, whereas it is the global minimum that yields
the proper ionospheric correction. For higher levels of perturbations, local minima
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become more prominent, the convergence of the optimizer deteriorates, and so does
the focusing performance.

Non-convex optimization is known to be challenging. There are two ways to
tackle this problem. One is to try and modify the objective function so that it
would become convex, yet its global minimum will not change. This approach is
referred to as convexification, see, e.g., [16,17]. The other way is to use a special
global optimization method. As plain gradient-based methods are not well suited
for non-convex optimization, they need to be modified accordingly. Modifications
may include using multiple initial guesses (multi-start) or combining gradient de-
scent with a swarm-based approach. Alternatively, non-gradient global optimization
methods can be applied, such as the original particle swarm optimization, genetic
algorithms, or simulated annealing. Typically, those methods converge slowly.

Multi-start is a straightforward methodology that involves starting a gradient-
based optimizer from multiple different initial guesses, and subsequently choosing
the smallest minimum. There is, of course, no guarantee that the overall minimum
found this way will be the true global minimum. Yet, multi-start has led to a
substantial increase in focusing quality for the optimization-based autofocus [10,
11]. The downside is that the algorithm is computationally expensive, although its
parallelization is easy because all gradient searches are completely independent.

Swarm-based gradient descent [18,21] uses multiple optimization agents, which
is similar to multi-start. Unlike in multi-start though, the searches are not inde-
pendent, and the agents communicate with one another as the algorithm converges.
The results of applying the method of [18,21] to transionospheric SAR autofocus
will be reported in a future publication.

From the analysis of multi-start and swarm gradient descent, one can see that
the modifications aimed at enhancing the applicability of gradient-based methods
to global optimization basically reduce to finding a good initial guess. Indeed, on
a difficult non-convex optimization landscape, if the initial guess happens to be
sufficiently close to the true global minimum, then a conventional gradient descent
is very likely to converge to it. Of course, there are no universal recipes in non-
convex optimization for finding an initial guess located close to the global minimum.
For example, in multi-start, one merely explores many initial guesses (often chosen
randomly) hoping that at least one will prove right. In the current work, we rather
pursue a physics-based rationale.

Specifically, we use the two stage screen projection autofocus of [14] as a precursor
to our optimization-based procedure. The algorithm of [14] does not require any
optimization and is inexpensive numerically. Even though it is not very accurate
on its own, it relies on proper physical assumptions and provides a reasonable
prediction of the unknown SPE correction. When this prediction is refined by the
optimization-based autofocus of [10], the resulting quality of focusing appears very
high for a broad range of imaging scenarios. Yet, the cost of implementation still
remains comparable to that of a single gradient descent run.

The rest of the paper is organized as follows. In Section 2, we provide a con-
cise description of the optimization-based autofocus. In Section 3, we outline the
key components of the screen projection algorithm. In Section 4, we discuss the
combined implementation of the two methods where the screen projection method
provides an initial guess for optimization. In Section 5, we present the results of
numerical simulations. Finally, in Section 6 we summarize our findings and outline
the directions for future work.
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2. Optimization-based autofocus. The ionosphere is a layer of dilute cold plasma
that begins at an altitude of approximately 90 km above the surface of the Earth
and extends several hundred kilometers upwards, see [5, Chapter 3]. The plasma is
turbulent. Its electron number density fluctuates randomly around the mean value
that, in turn, behaves non-monotonically with altitude and reaches a maximum at
about 300 km. The orbit altitude for most SAR satellites is well above the iono-
spheric maximum. Therefore, SAR signals traveling between the satellite and the
ground propagate through most of the ionosphere and acquire random phase pertur-
bations due to the temporal dispersion of radio waves in the turbulent ionospheric
plasma. A key quantity that determines the magnitude of the phase perturbations
is the integral of the electron number density along the signal trajectory. Hence,
for different trajectories, the perturbations are, generally speaking, different even if
the trajectories originate at the same location (a given position of the SAR satel-
lite). It is precisely due to these phase perturbations, referred to as scintillation
phase errors (SPEs), that the ionospheric turbulence causes distortions of space-
borne SAR images. Furthermore, it is the dependence of SPEs not only on the
SAR antenna coordinate, but the entire signal travel path that makes the resulting
image distortions difficult to ameliorate by traditional autofocus processing [13].

In our previous works [5, Chapter 4] and [3], we have shown that the detrimental
effect of turbulence-induced ionospheric SPEs on spaceborne SAR imaging is much
stronger in the azimuthal direction (along-the-track) than in the range direction
(cross-track). Therefore, in the current paper we will only be considering the one-
dimensional stripmap SAR imaging in the azimuthal direction, rendered by range
compression (see, e.g., [7, Appendix A.1]).

In [8], we also showed that even though the true ionosphere has finite thickness,
for the analysis of transionospheric SAR autofocus, a more basic model that relies
on a phase screen provides sufficient accuracy. A phase screen is an infinitesimally
thin surface located at an intermediate elevation between the ground and the orbit.
There is a function defined on the screen, called the screen density. When the
signal travel path intersects the screen, the signal instantaneously acquires the phase
perturbation equal to the value of the screen density at the point of intersection,
as opposed to the gradual accumulation of perturbations as the signal propagates
through a finite thickness ionosphere. In the current paper, we will adopt the phase
screen approximation because it renders substantial simplifications.

Consider a given range bin parallel to the satellite orbit, with effective backscat-
tering reflectivity p = p(z) (see [7, Appendix A.1]). The ground reflectivity p is
the primary unknown to be reconstructed by SAR. The range-compressed signal
due to ground reflectivity p received by the radar antenna at the orbit admits the
following integral representation [7]:

x+Lsa /2 . wg(z—2)2 )
u(z) = / e e e e () dz (1)
z—Lga /2

In formula (1), z and x denote the cross-range (i.e., azimuthal) coordinates at
the ground level and orbit level, respectively, Lga is the length of the synthetic
aperture, R is the distance from the orbit to the target area on the ground, c is the
speed of light, wq is the radar carrier frequency, and ¥ is the phase screen density
that represents the SPEs, see Figure 1.

As the source of the SPEs is the ionospheric turbulence, the SPEs are stochastic
in their nature. Accordingly, the phase screen density ¥ = ¥(s) in equation (1) is
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F1cURE 1. Three-dimensional geometry of transionospheric SAR
imaging with a phase screen.

considered a realization of a random function of the screen coordinate s. The latter,
in turn, is determined by the orbit coordinate x and ground coordinate z:

s=s(x,z) =&+ (1 = &)z, (2)

where £ is the phase screen elevation relative to the orbit height such that 0 < ¢ <1,
see Figure 1. In the phase screen model, ¥ = ¥(s) represents the ionospheric per-
turbations, while formula (2) accounts for the dependence of these perturbations
not only on the antenna coordinate x, but also the target coordinate z. The latter
dependence is a key feature of ionospheric phase perturbations that distinguishes
them from other perturbations, such as those due to the antenna trajectory un-
certainties. In real-life scenarios, the ionospheric phase perturbations ¥ shall be
considered unknown. Yet, we will see that to correct the turbulence-induced dis-
tortions of SAR images, one needs to know ¥. To reconstruct the unknown ¥ from
the available radar data, one builds the transionospheric autofocus algorithms.!

Let us denote by Wre® = ¥r¢(s) the screen density obtained by reconstruction.
It provides a correction for mitigating the distortions due to ¥(s). The SAR image
with correction is written in the integral form (cf. equation (1)), where y denotes
the azimuthal coordinate in the image domain (see [10]):

I(y) _ wo y+Lsa/2 e*iw - ei\I,rCC(S($7y))u($) . (3)

TRe Jy_1ga)2
The key idea of SAR is to have the image Z of (3) provide an approximation to
the ground reflectivity p in (1). We will see that the constant in front of the integral
in (3) is chosen so as to enable this approximation. To analyze the quality of the
image Z, i.e., how accurately it approximates p, we substitute the signal u(z) given

IThey reconstruct a particular realization of the random function ¥ for a given image
acquisition.
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by (1) into (3):
ﬂw=/ Wy, 2)u(z) dz. (4)

Equation (4) is a very common convolution-type SAR imaging functional [5,
Chapter 2], where the imaging kernel W = W (y, 2), also referred to as generalized
ambiguity function (GAF), is expressed as follows:

_ wo 612“)0(7/_2)(22(7“'2)/2))+i(‘1lrec(s(z,y))f\II(s(a:,z))) dx7
mRe Jp (5)
D= {z|(le—2 < Lsa/2) N (lz — y| < Lsa/2)}.

Formulae (4)—(5) are useful in that they allow one to distinguish between two
contributions to the image Z: that of the imaging system and ionosphere rendered
through W, and that of the ground reflectivity u. In particular, for a point scatterer
w(z) = 0(z — zp), the image Z(y) coincides with the kernel W (y, zg), which reduces
the analysis of Z to that of W.

If the GAF W is equal to a d-function, W (y — z) = d(y — z), then formula (4)
would yield Z = p. This situation, however, can never be achieved in practice. Even
in the ideal case with no ionosphere, ¥ = ¥ = 0, the GAF (5) is given by

1 . m(y — z) . def Sin ¢ _ TRc
Wy, z) =~ A—Asmc <AA>7 where sinc( = and Ap = Lo

(6)

Formula (6) introduces the well-known sinc kernel that is encountered very often
in SAR analyses [5, Chapter 2|. The semi-width of the main lobe of the sinc in (6)
is equal to Aa and defines the azimuthal resolution of a SAR system. Typically,
Lsa > Ax. Asthe length of the synthetic array Lga increases while the quantity 52
stays constant, the main lobe of the sinc in (6) becomes narrower, and accordingly,
the resolution A becomes finer. Moreover, the height of the main lobe of the kernel
W increases, and one can show that the kernel converges to the §-function in the
sense of distributions [6, Section 3.3]:

— sinc (W(yAA'Z)) —d(y—z), as Lgn — oo and % = const. (7)

Weak convergence (7) along with representation (4) imply Z — u as Lga — 0o.
It is in this sense that the image 7 approximates the ground reflectivity . Note also
that formula (6) itself is also an approximation, which is accurate for |y — z| < Ax.
For |y — z| > A, the first exponent on the right-hand side of (5) is large, and the
integrand oscillates rapidly, which makes || small. Moreover, for |y — z| > Lga,
the interval of integration defined in (5) is empty, D = (), so that W (y, z) = 0.

While the sinc kernel (6) represents the ultimate scenario with no distortions, in
the case where phase perturbations ¥ are present, the role of the correction ¥ is
to make the actual kernel (5) as close to the undistorted case (6) as possible. One
can see, however, that even if U"*¢ = ¥ the second exponent under the integral in
(5) is, generally speaking, not zero, unless y = z:

bw def U (s(z,y)) — U(s(x, 2)) = U(s(z,y)) — U(s(x, 2)) # 0. (8)

Hence, even the most accurate phase reconstruction, ¢ = ¥, would still leave
some residual ionospheric distortions in the resulting SAR image. In [10], we have
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derived an estimate for |¥’(s)| and shown that the residual distortions are small.
Namely, for a sufficiently smooth ¥ = ¥, one has

pul~ (-9 a,, )
\1/

where Ly > A, is the characteristic spatial scale of ionospheric turbulence. There-
fore, the second exponent ¢¢ under the integral in (5) can be neglected even if the
magnitude of perturbations || ¥|| is not small. Henceforth, we will refer to the case
Pree = U as that of the perfect (or ideal) phase error reconstruction. As the true
phase error V¥ is not known in practical settings, a transionospheric autofocus algo-
rithm shall be designed so as to provide its best possible approximation W™ using
the available SAR data. Moreover, in practice one cannot judge the accuracy of ap-
proximation of W by W**® directly. Therefore, the performance of transionospheric
autofocus shall be evaluated based on the quality of image focusing.

The optimization-based autofocus that we introduced in [10] employs a para-
metric representation of the screen density function in the form of a truncated
trigonometric series:

N N
U(s) =R Z apefnstion — Z (pn cos(kns) + qn sin(kys)), (10)
n=1 n=1
where a, > 0, ky, > 0, ©n, pn, and g, are real. Formula (10) is a mathematical
model for SPEs that involves various spatial scales defined by k,,, which is typical
for turbulence. In our numerical simulations (see Section 5), formula (10) yields a
set of computer-generated data for building and testing the autofocus algorithm.
Specifically, in Section 5, the phases ¢, are sampled from a uniform distribution
over [0,27)" whereas other parameters of ¥ are assumed deterministic. Alternative
distributions of ¢, can also be considered.

The autofocus algorithm itself requires no knowledge of W. It uses a variational

approach to reconstruct the screen density ¥ in the form similar to (10):

Nree
Uree(s) = Z (i cos(ki®s) + qic® sin(kjCs)). (11)
n=1

In doing so, the signal u(x) given by (1) is taken as input, and optimization
is employed to derive the amplitudes pi°¢ and ¢ of the reconstruction density,
whereas the frequencies £°¢ and number of terms N in (11) are specified ahead
of time. They may or may not coincide with the frequencies k, and number N,
respectively, in equation (10), see [10] and Section 5.

The ground reflectivity p in equation (1) is taken as a finite set of distinct point
scatterers with added clutter:?

M
w(z) = Z bm6(2z = 2m) + Heluster (2), (12)
m=1

where ficiutter(2) 18 a d-correlated complex-valued Gaussian random process (white
noise). While equation (12) represents a fairly specific, rather than general, form of
ground reflectivity, we note that the requirement of having bright point scatterers in
the imaged scene is most common for the development of SAR autofocus algorithms.

For computer implementation, the integrals (1) and (3) are approximated by
quadrature formulae on a uniform discretization grid. Let h denote the grid size,

2Clutter makes SAR images visually rough, an effect called speckle.



8 MIKHAIL GILMAN AND SEMYON TSYNKOV

h = Lga/J, where J > 0 is an even integer. The nodes of the grid are defined as
follows: z; = th, i = 0,£1,£2,... and 2z; = jh, j = 0,£1,%2,... The integral (1)
can be discretized using the rectangle rule:

el ( )?
Lwo(z;—25 .
w; =h § el me 'eﬂ‘p(s(“’zj)),uj. (13)
j=i—J/2+41

If the integrand on the right-hand side of (1) were sufficiently smooth (contin-
uously differentiable), then for u; = p(z;) the quantity u; on the left-hand side
of (13) would approximate u(x;) with first-order accuracy with respect to h, see,
e.g., [19, Section 4.1]. However, the ground reflectivity (12) is anything but smooth
(it is a distribution). Therefore, to use formula (13), we first need to properly define
j, i.e., build a counterpart of u(z) on the grid. For each é-function in (12), we
assume with no loss of generality that its location coincides with one of the grid
nodes. Then, we introduce the following discrete equivalent of a J-function:

5z — a) o 6T = {0 2 e (14)
" J 0, otherwise.

For the clutter peutter (2), we recall that it is the derivative of a Brownian motion
in the sense of distributions (see [1, Chapter 3]). Hence, we can define ficiygter, j 88
follows:

ﬂ) 1/4 Gclutter
Re V2h

where Nclutter, ; 15 & complex-valued grid function with real and imaginary parts
composed of independent standard Gaussian random variables (zero mean and unit

variance). The amplitude acutter in (15) characterizes the clutter intensity, the
1/4

Hclutter,j = ( Nclutter, 55 (15)

constant (£2)"" is introduced to adjust the units so that deiter can be considered

dimensionless (see equation (17)), and the denominator v/2h accounts for scaling.
Recall that in the continuous setting, the Brownian motion, which can be thought
of as integral of u(z), has standard deviation proportional to the square root of the

distance:
Lsa
O(/ ,uclutter(z)dz> X \/E
0

Accordingly, for the discretization (15), we have (taking ¢ = J/2 with no loss of
generality)

( i wo 1/4 aclutterh i
olh Hclutter, j) = (7> 70( TNclutter, j)
= Re V2h =

w 1/4 h w 1/4
(FZ) aclutter\/;\/ 2J = (Fi) Gclutter LSA-

Altogether, the discretized ground reflectivity is given by (cf. equation (12))

(16)

M
= Z bméjn + Heclutter, 55 (17)
m=1

where the individual terms on the right-hand side of (17) correspond to equations
(14) and (15). Once substituted into the right-hand of (13), it yields the discrete
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radar signal on the grid. For generating the image, the latter is supplemented with
additive noise unoise,i:

Unoise, 7 = Inoise max |ui|nnoise,i7 (18)
V2 oo
where npoise,s is another instance of the discrete complex-valued Gaussian white
noise with zero mean and unit variance. The values of aclutter and Apoise are pa-
rameters of the model. In the simulations of Section 5, these parameters are varied
within a broad range.
A discrete counterpart to continuous image (3) subject to clutter and noise is
given by the quadrature formula similar to (13):

+J/2 ( )2
wo _jwolTi Yy jpree ;
Il = @h E e ! Re e (s(wi,yz))(ui + Unoise,i)v (19)
i=l—J/2+1

where y; = lh,l = 0,41, £2,... Note that for the actual implementation, we cannot
consider the full unbounded ranges for the indices ¢, j, and [ in formulae (13) and
(19). If we assume that the discrete ground reflectivity u; is defined on a finite grid
interval Jmin < J < Jmax, then the signal u; given by (13) is defined on a smaller
grid interval Jmin + J/2 < @ < Jmax — J/2, and, accordingly, the image Z; given by
(19) is defined on an even smaller interval Jyin + J <1 < Jmax — J-

For the SAR antenna signal u; of (13) and imaging functional (19), the variational
autofocus algorithm of [10] yields the reconstruction screen density ¥*°. Since the
true perturbation ¥ is unknown, no direct data fitting is possible. Instead, we
introduce a cost function Cost = Cost[Z, ¥"°] that would emphasize the desired
features of the image and define W™ as the screen density that delivers a minimum
to this cost function. For the target with dominant point scatterers, see formulae
(12) and (17), the unperturbed image (¥ = ¥ = 0) will have prominent sinc-
shaped peaks. When perturbations ¥ # 0 are present, the correction ¥ should
aim at having the peak structure of the image reproduced as close as possible.
Therefore, we introduce a sharpness enhancing cost function:

J, —J Nree
rec h N rec w rec rec
CostlZ, W] =~ 37 |T(U™)* + (e Do R0 + (@), (20)
I=Jmin+J n=1

where h/Lga = 1/J, the grid values Z; = Z;(0"*°) are defined by formula (19), and
the control variables for minimization are the Fourier coefficients p;°° and ¢;°°, see
equation (11). The first sum on the right-hand side of (20) is the negative of the
£4 norm of Z raised to fourth power, while the second sum is a regularization term
(penalty) proportional to ||(¥*¢)’||3. The £4 term in (20) is known to amplify the
sharpness of the image (see [9,10] and the references therein). The penalty term
(second sum in (20)) promotes the decrease of the Fourier amplitudes for higher
n, similar to the classical considerations for isotropic turbulence (the Kolmogorov
cascade). The coefficient 32 in front of the penalty term in equation (20) is needed
to adjust the units. The best penalty weight ¢ is determined experimentally when
running the optimization algorithm, see Section 5. An extensive discussion about
the choice of the cost function (20) can be found in [10, Section 3.2].

To derive U, the cost function (20) shall be minimized by varying pi® and ¢ic.
The quality of minimization determines the autofocus performance. The latter, in
turn, is judged by the quality of image focusing, i.e., how well-defined the peaks in

the image Z are that are due to the point scatterers in the ground reflectivity u.
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One can evaluate the focusing quality directly because the image (19) is obtained
synchronously with minimization of the cost function (20). In the framework of the
mathematical model, one can also compare W' with the original ¥ (see Section 5),
but in a practical setting that would not be possible.

Minimization of the cost function (20) is not a trivial task. The main difficulty
is that this cost function is non-convex. It may have multiple local minima, and a
typical gradient-based optimizer with a given initial guess (often, pie¢ = ¢2¢¢ = 0)
may converge to a local minimum rather than the desired global minimum. That
will degrade the quality of focusing. In our previous work [9-11], we have run an
extensive series of numerical simulations aimed at quantifying the performance of
optimization-based autofocus for various imaging regimes. In [9,10], we employed
an interior-point optimization method implemented via the MATLAB function
fmincon, whereas in [11] we used the Broyden-Fletcher-Goldfarb-Shanno (BFGS)
quasi-Newton method. To assess the quality of image focusing, we utilized three
popular metrics of peak sharpness: full width at half magnitude (FWHM), inte-
grated sidelobe ratio (ISLR), and peak height. In [11], we also employed the nor-
malized cross-correlation (NCC) as an image quality metric; computing the NCC
requires knowing the image Z in the case of an ideal reconstruction U™ = ¥. Our
findings are as follows (see [9-11] for detail).

For moderate levels of ionospheric perturbations and clutter, the gradient-based
methods still converge well, which translates into the high quality of focusing.
Specifically, for ||¥|2 < 0.87 and acugter < 0.05,° the peaks in the image ob-
tained by minimizing the cost function (20) with the help of fmincon or BFGS and
using the resulting ¥ in (19) are as well-defined as those in the case of the ideal
reconstruction, where ¥ = ¥ is substituted into (19).

For high levels of ionospheric perturbations and/or clutter, the convergence of the
foregoing gradient-based optimizers is not as robust because of the local minima of
Cost[Z, ¥re]. This results in higher percentages of defocused images, with peaks not
nearly as sharp as the corresponding sinc shapes. To address this issue, we proposed
to use multi-start in [10], and further studied its effectiveness in [11]. In multi-start,
one initializes the optimizer many times within the domain of the search variables.
On an elaborate non-convex optimization landscape, each initial guess yields its
own minimum via gradient descent. The expectation is that at least one of those
minima will be the true global minimum (or sufficiently close to the true global
minimum). There is, of course, no guarantee that this will indeed be the case.
But, in practice, the multi-start approach proved efficient, leading to an average
increase of the focusing peak height by 10%, and decrease in the value of the cost
function by 20%. The potential concern about multi-start is its computational cost,
as many gradient searches need to be performed for obtaining one focused image.
This concern can be partially alleviated by parallel implementation because all the
searches are independent. In [11], we ran the algorithm on a Dell PowerEdge R960
server with four Intel Xeon Platinum 8468H 48-core four-way CPUs, and performed
384 gradient searches simultaneously. As, however, the robustness of multi-start
clearly depends on the “density” of initial guesses in the space of optimization

3The first of these values approximates the RMS of the phase error in (3), whereas the second
does the same for the height of the clutter “floor” relative to that of the isolated peaks, see (15)
and Figure 2. The relations between the parameters ||¥]|2 and aclyster and some commonly used
practical measures that characterize the ionospheric turbulence and clutter are discussed in our
works [10, Appendix A] and [11].
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variables, for spaces of higher dimensions having a sufficient number of initial guesses
could lead to a high computational cost, even for large-scale parallel platforms.

Yet, the observation per se that multi-start helps improve the focusing capacity
of the algorithm suggests that having a good initial guess (i.e., an initial guess
sufficiently close to the global minimum) is of key importance for the performance
of gradient-based optimizers in the non-convex case. Multi-start on its own does
not offer any recipes for finding such an initial guess though; it merely tries many
independent initial guesses (selected randomly), and subsequently chooses the best
result. Therefore, it certainly makes sense to look for more specific, guided strategies
for finding the appropriate initial guesses. The main idea of this work is to propose
such a strategy based on the relevant physics (see Sections 3-5).

3. Screen projection autofocus. An algorithm for transionospheric SAR aut-
ofocus was recently proposed in [14] that does not require optimization. It is a
two-stage procedure that replaces the SAR reconstruction formula (3) with the
following two formulae in succession (see also [9]):

1 stnlsa/2 (oo
pls) = 77LSA/ Lsa/2 o o
s—nhsa
C w y+§LSA/2 —IM iprec (g
I(y):Engc/ tLeasz ere e ()p(s) ds, (21b)
y—£Lsa

INE)

il . The first stage (21a) does not involve

any reconstruction phase at all and is otherwise similar to (3), except that the
distances are scaled by a factor of 7. Hence, one can think that the operator (21a)
projects the data u(z), i.e., the antenna signal, to the screen elevation, see Figure 1.
That is why it is referred to as screen projection. One can also interpret p(s) of
(21a) as a partially-focused image.

The second stage (21b) is also similar to (3), but the distances are scaled by a
factor of ¢, and the operator itself is applied to the partially-focused image p(s)
from the previous stage (21a) rather than the true antenna signal u(x) of (1).
Therefore, the operator (21b) can be thought of as a SAR imaging operator applied
to the data p(s) defined at the screen elevation (rather than orbit elevation) and
augmented with the phase correction term Wr¢(s).

We analyzed the two-stage SAR reconstruction (21) in [9]. For a single point
scatterer in the imaged scene, u(z) = upd(z — 2¢), and no SPEs, ¥ = 0, equation
(1) yields

-1/2
wherenzl—gandC:(AA> e’

cwolz—=z )2
u(x) = /JoelJ)TcLz where |x _ ZO| < LSA/2~

Substituting this expression for u(z) into the right-hand side of (21a), we can
write

dx

110 s+nLsa/2 Le0GE=n? L wgle-z)?
p(s) e c - e Rc
S

= nR
nLsa —nLsa /2

1/2
= 1o / ol 72 770 LEA+2EnLsa (s—20)+(s—20)° ~*nLE,] 45
-1/2

jeatz? 1/ §201LSA (95 (s—20)—~3°€Lsa =
= 'uoe Rc e Rc 0 SA dx7

1/2
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where & = (x — s)/nLsa. Then, taking the leading term in the stationary phase
expansion of the last integral, we obtain (provided that |s — zo| < £Lsa/2)

AA 1/2 Lwos—20)% . x
~ Trere Tl 22
b o ) e (22)

Substituting the partially-focused image p(s) of (22) into the second stage of the
reconstruction operator (21b) with U**® = 0, we obtain [cf. equation (5)]

fio wo Liga—n)? jeole—z0)? fo wo P52 2(y—20)[s— (y+20)/2]
I(y) = = —- e ERc ¢'7 ERe  ds= "~ —r e ERe 0 yr=0)/El ds
W) ¢ mRc /D, ¢ wRe Jp ’

D' = {s|(ls—z| <&Lsa/2) N (Is —y| < ELsa/2)}.

The previous integral evaluates to [cf. equation (6)]

which indicates that in the absence of phase perturbations, the image resolution
offered by the screen projection algorithm (21) is the same as that of the original
algorithm (3). However, when the phase perturbations are present, ¥ # 0, the resid-
ual ionospheric distortions of the two-stage algorithm in the ideal case ¥'¢ = ¥
could still be up to €Lsa/Ax times higher than similar distortions of the conven-
tional single-stage SAR reconstruction, see formulae (8)—(9). Thus, even for the
perfect reconstruction scenario W' = ¥, the compensation of SPEs offered by the
two-stage method (21) may be considerably less accurate than that of the standard
method (3). The reason is that the screen projection (21a) transforms the data u(z)
that includes the phase perturbation ¥(s) in such a way that subsequent application
of U = ¥ in (21b) would no longer provide a precise match (see [9, Appendix A]
for detail).

In spite of the data contamination at the first stage (21a), the overall algorithm
(21) is relevant from the standpoint of physics, and there is a clear rationale behind
partitioning the original SAR imaging operator (3) into the scaled stages (21a)—
(21b). Namely, at the second stage (21b), the data p(s) and correction W'(s)
are defined at the same elevation, the screen elevation ¢, and depend on the same
single coordinate, the screen coordinate s. This allows one to obtain the unknown
correction W' = Ur*°(s) with the help of traditional autofocus algorithms because
the correction depends on the same single argument s as the data does. The authors
of [14] developed their methodology for spotlight SAR, and accordingly used the
phase gradient autofocus (PGA) to derive the correction ¥*¢. We are considering
the stripmap SAR modality, and as such will be using the phase curvature autofocus
(PCA), see [23]. The advantage of PCA is that it requires no optimization.

Consider formula (22) for the unperturbed (¥ = 0) partially-focused image p(s)
due to the point scatterer pgd(z — zo) on the ground. Up to a constant factor of

EnLsa
that would have been received by the antenna if it were positioned at the same

elevation £ where p(s) is defined:

—-1/2
C = ( A ) €'1, it coincides with the radar signal due to the same scatterer

s+&Lsa /2 wo(s— )2 . wo(s—20)?
wls) = [ (e o)z = ol (2)
S—ELsA/Q

Taking the complex argument (i.e., phase) of the screen projected data p(s) given
by (22), or, alternatively, of the signal u¢(s) given by (23), and differentiating it
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twice, we obtain

d2 d2 20)0
@(Ap(s)) S E(lug(s)) = tRe const. (24)
When W # 0, one can easily see that formula (23) transforms into
s w s§—z 2 .
ue(s) = pge! T (), (25)
and therefore, instead of the second equality of (24), we have
d? 2wy dPU(s)

@(lug(s)) ~tRe  d (26)

Unlike in (24), the right-hand side of (26) is no longer constant.

In the actual imaging setting, one does not have u¢(s) because there is no antenna
at elevation &, but can compute p(s) using formula (21a). While our recent analysis
of data contamination in [9] shows that the partially-focused image p(s) in the case
U # 0 will not be exactly the same as ug(s) of (25), the original idea of [14] was to
directly extend the analogy between (22) and (23) from the case ¥ = 0 to the case
U # 0. Then, equation (26) with p(s) substituted instead of u¢(s) can be thought
of as the definition of the phase correction

d2wree (s 2w d?
R e ar10)] (1)

To derive the actual ¥*°(s), one should integrate the right-hand side of equation
(27) twice.

Practical implementation of the screen projection autofocus involves multiple
range bins, as shown in Figure 1. This approach is standard and dates back to the
development of traditional autofocus methods, such as PGA [12, Section 4.5]. It
allows one to average out the contributions of clutter, and noise and also enables
iterative refinement of the results [9,12].

The width of a range bin is on the order of range resolution Ar of the SAR
sensor.? Consider K such range bins, each containing one strong point scatterer [cf.
equation (17)]:

ul? = p®gme g ) k=1,....K, (28)

clutter, 5
where b*) and mjy, are the intensity and location of the point scatterer in kth
C
realization of the discrete white noise nciutter, ; is different for each k. The signal
due to kth bin is given by [cf. formula (13)]:

bin, respectively, and the background M(ﬁztter ;1s defined by formula (15), but the

i+J/2 s niy?
Lwolz—z5 .
uM =n Y AT R e ) ), (29)
j=i—J/241

where ug-k) is defined by (28). Noise ufllz)lsez is added to the signal (29) [cf. formula

1ok (k) a (k)

k noise k
unoise,i = \/? miax |uz |nnoise,i7 (30)

where, again, the realization of nngise,; is different for each k. We emphasize that
in equation (29), all signals uz(-k), k=1,..., K, are assumed to be affected by one

1AR = &, where B is the bandwidth of the SAR interrogating waveform (linear chirp) [5,

Chapter 2].
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and the same phase perturbation function ¥(s(z, z)) that does not depend on k.
To justify this assumption, we notice that the variation of distance in the range
direction between neighboring bins is comparable to the bin width, or, equivalently,
the range resolution Ag, see Figure 1. Accordingly, at screen elevation, the varia-
tion of distance in the range direction between the intersection points of the rays
connecting neighboring bins with the antenna is ~ (1 — £)Agr. The range resolu-
tion is typically close to azimuthal resolution, and both are much smaller than the
characteristic scale of turbulence Ag ~ Ax < Ly. Therefore, the screen density
that represents the phase perturbations can be assumed to vary insignificantly over
K adjacent range bins as long as the following condition holds:

K(1-§Ax < Ly. (31)

Let {s;,} be a uniform discretization grid on the screen: s,, = mh, m =
0,+£1,42,... For each range bin k£ = 1,..., K, we approximate the partially fo-
cused image (21a) as follows, where the signal and noise are given by formulae (29),
(30), respectively [cf. equation (19)]:

A m+[nJ/2]  wo (g —sm)? (k) (k)
pg’f) = T Z e_lT (uv + unoise,i)’ (32)
NEsa i=m—[nJ/2]+1

The second derivative on the right-hand side of (27) is discretized by central
difference:

d? prjf) —24p(k)+4p55)_ k k
i (49" o)) = SRR LSS = L0 0101,

where the overbar denotes complex conjugation. In a multi-bin realization, aver-
aging over bins is implemented prior to taking the complex argument (similar to
PGA, [12, egs. (4.39), (F.13)]):

d2
ds T2 (époverall Sm ~ 4ZP£:1L1P$) 1 pyrf)) . (33)

On the right-hand side of (33), the summation in k is performed over those bins
where the signal at {m — 1,m,m + 1} is sufficiently strong (see [9, Section 6] for
detail). Approximation (33) is substituted into the right-hand side of (27):

dQ\I]reC(Sm) 2w0 d2
a2 £Re a @(ZPOVeran(sm))‘ 34

Formula (11) defines ¥'*°(s) as a trigonometric polynomial. Consequently,

e
(Tree(s))" = Z —(Kree)? (i cos(ki®s) + ¢ie° sin(k}°s)). (35)
n=1

On the other hand, we can compute the trigonometric interpolating polynomial
for the function defined by (34) on the grid s,,,, see [19, Chapter 3]. Using uniqueness
of the trigonometric interpolating polynomial [19, Theorem 3.1], we can then claim
that the coefficients of the polynomial that corresponds to (34) coincide with the
coefficients of the polynomial (35). This allows us to obtain pi®® and ¢/°°, n =

., N*®¢_ and thus reconstruct U¢(s).
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The last step of screen projection is iterative refinement of the reconstruction den-
sity ¥™°(s). Having derived ¥*°(s) from (34)—(35), we define for all k =1,..., K

PR] = PR] e (36)
m next m previous ’

substitute [psn)]ncxt into the right-hand side of equation (33), update ¥™°(s) via
(34)—(35), and continue the iteration (36) until convergence, i.e., until the difference
between two consecutive iterates of the reconstruction screen density falls blow a
predetermined threshold. Iteration (36) can be thought of as a fixed point iteration
for screen projection autofocus.

4. Combined implementation. The original screen projection methodology of
[14] employs the second stage of the reconstruction functional (21b) for obtaining
the image Z after the screen density ¥™¢(s) has been derived. We implemented
this approach in our previous work [9] to compare the performance of the screen
projection autofocus with that of the optimization-based autofocus.

The idea of the current work is different. We do not need to use the second
stage of the reconstruction (21b) at all. Rather, we use the reconstruction density
Prec(s) obtained by the screen projection iteration (36) as the initial guess for the
optimization-based autofocus.

To enable this combined implementation, we reformulate the optimization-based
autofocus so that it can be applied in a multi-bin setting that is required for screen
projection. The reformulation is straightforward, given that all the range bins k =
1,... K are subject to phase perturbations due to the same density ¥ = ¥(s(z, z)),
see equation (29). We replace the single-bin cost function Cost[Z, "] of (20) with
its multi-bin counterpart:

K Jmax—J NTee

KLSAZ Z |I(k)( vt +4 Zk D) ;ec)Q)y

k=1 U=yt
(37)

are obtained by applying formula (19) to the data

Costx [{ZF)}, ™) =

where the individual images 7, (k)

(k) + uflo)lse ; given by (29)-(30). The new cost function (37) is minimized using
the same gradlent based methodology as we employed in our previous work [9],
where the control variables are the coefficients pi°° and ¢,°°. The cost function
Costg [{Z()}, W] is, generally speaking, not convex, and, therefore, we do not
expect that the gradient-based optimizer started from an arbitrary initial guess
(often, prec = ¢re¢ = 0) will always perform well. In fact, we saw in our previous work
[9-11] that gradient-based optimizers performed unevenly, where more substantial
deterioration occurred in the cases with higher levels of phase perturbations and
clutter. As, however, we show in Section 5, initiating the gradient-based search
with ¥r¢(s) obtained by screen projection, see formula (36), leads to substantial
improvements.

The combined implementation of our autofocus algorithm consists of the follow-

ing steps:

e Step 1. The right-hand side of (34) is calculated using one iteration of the
screen projection algorithm as described in Section 3.

e Step 2. The trigonometric interpolating polynomial on the grid s,, with
the wavenumbers k¢, n = 1,..., N™° is built for the result of Step 1 and
substituted into the left-hand side of equation (35). It yields the approximate
values of the Fourier amplitudes pi>¢ and ¢->¢ for n =1,..., N*°.
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e Step 3. The approximate Fourier amplitudes pi°¢ and ¢.°¢, n =1,..., N,
derived in Step 2 are used to initialize the gradient-based optimization with
the cost function (37).

e Step 4. The result of optimization in Step 3, i.e., {pie° ¢} for n =

., N*e¢is substituted into (11) and (3) to obtain the focused image.

5. Results of simulations. To demonstrate the performance of the combined
algorithm, we conduct a series of numerical simulations for the set of parameters
similar to those we used in [9,11]. Specifically, we take Lga = 100 and Ay = 1 (units
of length presumed but omitted for brevity). This allows us to “reverse engineer”
the quantity £ that appears repeatedly throughout the derivations (see equation
(6)). We also take the relative elevation of the screen ¢ = 1, while for the screen

2
density (see equation (10)), we choose N = N*¢ = 6, k,, = nkq, a, = (Z—l) ar,

and kI*® = k,.° From our earlier work [3], we recall that the most challenging
scenario for SAR imaging through ionospheric turbulence corresponds to the scale
of turbulence Ly being shorter, but not much shorter, than the synthetic aperture
Lga. We associate Ly with the longest wavelength in the spectrum of turbulence,
lmax = i , and analyze two cases: ZLSA = 1.5 and LSA = 2.8. For the values of the
parameters listed above, the penalty weight in front "of the second term in equation
(37) is taken equal to ¢ = 0.7/7 based on the numerical experiments conducted
in [9] (using [11], it would have been ¢ = 0.6/7).

We consider K = 15 range bins, each containing a single point scatterer (14) at
a random location and clutter (see equation (28)). Then, condition (31) is met for
either ﬂ = 1.5 or lLﬁ = 2.8. The level of clutter aciutter varies in simulations
(see equatlon (15)), while the level of noise aneise (Se€ equation (29)) is set equal to
that of the clutter.

We also introduce 30 different realizations of the phase screen density ¥(s) by
taking independent random uniformly distributed on [0, 27| phase shifts ¢,, for all
values of n in equation (10). The intensity of phase perturbations is quantified by
means of the Ly norm:

1T = (zn:a%)lm _ al(zn: (%)4)1/2.

This intensity also varies in simulations. Finally, for conducting the simulations,
we take the discretization grid size h = % = % and apply parabolic windows
under the integrals (1), (3), and (21) and under the respective discrete quadrature
formulae. We also perform only one iteration (36), because experimentally we have
observed that subsequent iterations do not provide any noticeable improvement.

Figure 2 compares several approaches to transionospheric SAR autofocus for a
particular example (i.e., a specific screen and specific bin). One can see that the
results with no correction (¥"° = 0) are not satisfactory, the screen projection on
its own performs poorly, and the original optimization-based autofocus initialized
at zero does better but is still not perfect, while the optimization-based method
initialized by screen projection performs on par with ideal reconstruction (i.e., the

case of U™ = ¥ which cannot be realized in practice).

5In our earlier work [10], we presented the cases of successful focusing in the scenarios where
the wavenumber spectra {ky} and {kI°} are different.
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FIGURE 2. Example of reconstruction. Top: single-bin SAR image,
bottom: screen density.

A more comprehensive comparison is rendered by incorporating the data across
the entire ensemble of targets and screens. In Figure 3, we show the accuracy
of reconstruction of the phase screen density for Lga /lmax = 1.5, and two differ-
ent initializations of the optimization-based autofocus: from zero and from screen
projection. Each of the six panels contains 25 colored tiles, where each tile corre-
sponds to the ensemble of 30 realizations of ¥ for the specified values of || ¥||; and
Qelutter- We see that initialization from screen projection provides a considerably
more accurate reconstruction across the ensemble.

In Figure 4, we show a comparison similar to that shown in Figure 3, but for a
shorter scale of ionospheric turbulence: Lga /lmax = 2.8. This is a more challenging
scenario from the standpoint of physics, and the autofocus performance deteriorates
for either type of initialization. Yet, initialization from screen projection still no-
ticeably outperforms the initialization from zero. In the future, we will investigate
ways of further improving the performance in the case of shorter turbulence scales.

The following series of plots compares the quality of focusing for three algorithms:
optimization-based autofocus initialized from zero, screen projection autofocus on
its own, and the combined algorithm, i.e., optimization-based autofocus initial-
ized from screen projection; all three are compared against ideal reconstruction
Pree = ¥, Similar to Figures 3 and 4, we conduct the comparison for the entire
ensemble of screen densities and target reflectivities, and for varying levels of phase
perturbations and clutter.

In Figure 5, we present three focusing quality metrics: FWHM, ISLR, and peak
height for the optimization-based autofocus initialized from zero in the case of
Lsa/lmax = 1.5. They are compared with the same metrics for ideal reconstruction.
In Figure 6, a similar comparison is conducted for the screen projection autofocus
alone, and in Figure 7, for the optimization-based autofocus initialized from screen
projection. The optimization-based autofocus initialized from screen projection
demonstrates the best performance.

In Figures 8, 9, and 10, we compare the focusing quality of the three autofocus
techniques against that for ideal reconstruction in the case of Lga /lmax = 2.8. As
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FiGure 3. Comparative accuracy of reconstruction of the phase
screen density for Lga/lmax = 1.5. Top row: initializa-

tion from screen projection; bottom row: initialization from
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in the case Lga/lmax = 1.5 (see Figures 5, 6, and 7), the combined algorithm,
i.e., optimization-based autofocus initialized from screen projection, shows superior
performance compared to the other two methods, although the overall quality for
the shorter scale of turbulence (Lga /lmax = 2.8) is somewhat lower than that for
the longer scale of turbulence (Lga /lmax = 1.5).

6. Discussion. Optimization-based transionospheric SAR autofocus developed in
[10] and further analyzed and improved in [9,11] can render high quality focus-
ing, but requires solving a challenging non-convex optimization problem. Multiple
local minima that characterize this optimization problem make the application of
gradient-based methods not straightforward. This, in turn, reduces robustness of
the entire procedure, especially in the case of high levels of ionospheric phase per-
turbations and clutter.

Previously, we have shown that the performance of gradient-based optimizers
strongly depends on the choice of the initial guess. In this work, we introduced a
physics-informed strategy for choosing the initial guess for gradient-based autofocus
optimization. Specifically, we choose it as the output of the screen projection algo-
rithm that has earlier been proposed in [14] as an enhancement of conventional SAR
autofocus methods aimed at adapting them to transionospheric imaging. A key ad-
vantage of the screen projection approach is that it is computationally inexpensive
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FIGURE 4. Comparative accuracy of reconstruction of the phase
screen density for Lga/lmax = 2.8 Top row: initializa-
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and does not involve a variational component. Using its result as the initial guess
for optimization proves very beneficial as it leads to a substantial improvement of
the focusing capacity of optimization-based transionospheric SAR autofocus.

The results of numerical simulations presented in Section 5 corroborate the im-
proved performance of the optimization-based SAR autofocus due to taking the
screen projection output as initial guess for optimization. However, in the current
set of simulations, we considered only a small number of range bins (K = 15) that
define the performance of the screen projection itself. The reason for the limitation
is that the overall width of those bins must be much smaller than the characteristic
spatial scale of turbulence, which, in turn, should be shorter than the length of the
synthetic array. On the other hand, using more bins for the screen projection may
improve the performance even further. To allow for a larger number of range bins
still under the turbulence scale, we will need to simulate the scenarios with much
longer synthetic arrays. These scenarios are also more realistic, as in the actual
spaceborne SAR systems the ratio of the synthetic aperture to azimuthal resolution
could be in the thousands. Yet, the corresponding simulations are expected to be
computationally more costly, and will be conducted in the future.

Beyond that, we contemplate a number of additional developments. On the side
of physics, they may include use of the true Kolmogorov spectrum of turbulence,
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FIGURE 5. Performance of optimization-based autofocus initial-
ized at zero for Lga /lmax = 1.5.
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F1GURE 6. Performance of screen projection autofocus for
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construction of a more accurate model of ionosphere based on multiple screens or
a layer of plasma of finite thickness, extension from point scatterers to general
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scatterers, and transition from the range compressed formulation to the true two-
dimensional SAR images. On the methodological side, we may consider other types
of cost functions for optimization, as well as additional criteria for assessing the
quality of the image focusing.
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