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High Order WENO Finite Difference Scheme

Consider the hyperbolic conservation laws

0Q B
S V-FQ=o.

The semi-discretized of the equation, by method of lines, on a uni-
formly sized cell, in a conservative manner

dQ;(t) 1
dt Az (h

7;+% - hz_%> ’ h = h(@i*?‘v T aQH—l)‘

¥ ne)ae.

2

where h(z) is defined implicitly as f(z) = = [

T
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Fifth order WENO Reconstruction Procedure

Nonlinear spatial adaptive combination of THREE Lagrange poly-

nomials ¢*(z) of degree 2 in Si, where & = 0,1,2 is the shift
parameter,

2
f@) = 3w g (@) ~ h(x) + O(AzM) (1)
at Tipls such that, w]f{e% the solution is
» SMOOTH, becomes a M =5 order central upwinded scheme.
» NON-SMOOTH, becomes a M = 3 order Upwinded scheme
by assigning the nonlinear weight wy ~ 0 in S}, containing
discontinuity = essentially no Gibbs oscillations.
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The Classical WENO-JS Scheme

The nonlinear weights of the classical WENO-JS scheme (Jiang and
Shu) are
dk (677

A A\p? W = =5
(Bk + )P Yo
with two user defined parameters : (1) power parameter p > 1

and (2) the sensitivity parameter ¢ > 0 (Usually a fixed small real
number).

The lower order local smoothness indicators

o [T (d g
B = ZA.@ - / <dxlq (:L‘)> dx. (2)
=1 Ty

1
=3

. =

measure the normalized modified Sobolov norm of the second de-
gree polynomials ¢*(z) in the substencil S, at z; in the cell I; =
[l’i—%’xwé]-
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The Improved WENO-Z Scheme

In the (2r—1) order WENO scheme with Z-type weights (WENO-Z),
the nonlinear weights are

P
Tor—1 z af
ap=di 1+ , wi=—>"— k=0,...,r—1.
g k( <,31¢,+€>) ' Sgay

where the global smoothness indicator is
r—1

> kB

k=0

T2r—1 = ’

where ¢, are given constants'. For example, 75 of the fifth order
WENO-Z scheme is

75 = |Bo — P .

Its leading truncation error has been shown to be O(Az”).

!Castro. Costa. and Don. J. Comput. Phys. 230, 1766-1792, 2011
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Definition of Critical Points

Definition

If a function f(z.) = f/(z.) = ... = f"®)(z.) = 0 but
et (z.) £ 0, the function f(z) is said to have a critical point
of order n¢, > 0 at ..

For example, f(z) = 23, f/(0) = f"(0) = 0, f"(0) # 0, then f(x)
has n¢, = 2 at z = 0.
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Optimal Order At Critical Point

o T2r—1 P
o = dy, <1+<B/¢+6> >

The nonlinear weights «y, have two important free parameters:

» Power p: increases the separation of scales, and controls the
amount of numerical dissipation.

> Sensitivity ¢: avoids a division by zero in the denominator of
Q.
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The issue of critical points

» In general, a very small ¢, say O(107%°), is highly desirable for

capturing shock in an essentially non-oscillatory manner because
» ¢ does not over-dominate over the size of the local smoothness
indicators By as in (B + €).

> However, a very small ¢ could reduce the formal order of accuracy
of WENO schemes of a smooth function in the presence of high
order critical points.

Nep = 2

Z5p2edx3
Z5p2edxa’

Z5p2edx5
Z5p2edx6 A 9

L_max Error
5
Order
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Optimal Order At Critical Point

To mitigate the critical point problem, there are many recent works
on

» applying a mapping on the nonlinear weights such as the
WENO-M by Henrick et al. (J. Comput. Phys. 207, 2005).
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Optimal Order At Critical Point

To mitigate the critical point problem, there are many recent works
on

» applying a mapping on the nonlinear weights such as the
WENO-M by Henrick et al. (J. Comput. Phys. 207, 2005).

> reformulating the WENO-Z type weights such as the
WENO-CU6 by Hu et al. (J. Comput. Phys., 229, 2010). and
WENO-7 by Fan et al. (J. Comput. Phys. 269, 2014).

Wai-Sun Don A Generalized Fifth Order WENO-Z type weights



Optimal Order At Critical Point

To mitigate the critical point problem, there are many recent works
on

» applying a mapping on the nonlinear weights such as the
WENO-M by Henrick et al. (J. Comput. Phys. 207, 2005).

> reformulating the WENO-Z type weights such as the
WENO-CU6 by Hu et al. (J. Comput. Phys., 229, 2010). and
WENO-7 by Fan et al. (J. Comput. Phys. 269, 2014).

> setting the lower bound on the sensitivity parameters ¢ by
Don et al. (J. Comput. Phys. 250, 2013).
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The WENO-CU6 scheme

The WENO nonlinear weights of WENO-CU6 scheme are

76 523
op=di | C+ >, W= —=—,
(o) e s

» ¢ =10"%0. (A very small number).

» Large constant C' > 1 increases the contribution of the
optimal weights. (Usually, C' = 20 or larger).

» The global smoothness indicator

mo= | — (B + 45+ )| + 02, (3)

with a long and complex expression of [g.
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The WENO-7 scheme

The WENO nonlinear weights of WENO-7 are

ak—dk<1+ T ) Wi e (4)

e +¢ N Zi:o ak'

» The local smoothness indicators

r—1
e = Z[Axmpi(z)ﬂw(%)]?, k=0,1,2. (5)
m=1

where Pi(m) (x) is the m_th derivative of the Lagrangian
interpolation polynomial for approximating the value of the
function f(x) based on the values (fi—ri14k,-- - fi—rt14k)-

> the global smoothness indicator 7, such as
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The WENO-7 scheme

» the global smoothness indicator 7, such as

5 = |no—mne|+ O(A:I:G). (6)
6 = ’67}5 — (4771 +no + 7]2)| /6 + O(Awﬁ). (7)
s = |(BV - IPSON(PY + PP — 2P| + 0(Axb). (8)

WENO-7(78), nep = 2,6 = 10740

6
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The WENO-D Scheme

The improved WENO-Z scheme, which can guarantee the optimal order of ac-
curacy in the presence of critical points, the nonlinear weights are

ar =d (1+q>(£>p) wp= —k =0 r—1
k k /Bk‘i‘é— 5 k 22;30]7 IR .

P = IIliIl{l., ()} ¢ =/ |\{J’(] — 261 + B2|. (9)

» &, as a linear combination of the Bk, can be treat as a shock sensor.
> when the solution is smooth, ® = ¢.

» around the shock, ® = 1, the new weights become the
WENO-Z scheme.

» |t can also be derived in other form, for example, a weighted linear
combination of function values, says, {fi—1, fi, fi+1} (See WENO-n).
> The key point is that the following condition must be satisfied, namely,

¢ (ﬁ;fi g)p ~ O(Az"Y). (10)
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The WENO-D Scheme

In order to guarantee that the formal order of accuracy can be

achieved regardless of critical points, the following condition must
be satisfied, namely,

¢ ( i ),, ~ O(Az"™ ). (11)

Br+¢

By the Taylor expansions, one has ¢? and 75 at x; as
¢2 = ‘ (a13fi(1)fi(3)) Azt + <a15fi(1)f1-(5) + a24fi(2)fi(4) + a33(fi(3))2) Az

+ (a17f¢(1)fi(7) + a%fi(Q)fi(G) + a35f,-(3)f,-(5) + a44(fi(4))2) Az® + O(Axg)’ )
(12)
s = ‘ (al4f¢<1)f¢<4) + a23fi(2)fi(3)) Aa®

(13)
+ (a6 10 + axs SO 1P + aaaf O [0) AaT + 0(80%)|.
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Definition of Order 6

Definition
The notation 0 (g(Az)) denotes the power of Az in the leading
term of the Taylor series expansion of g(Ax), that is,

0(g) =n < g(Ax) =O(Az").

For instance, if g(Ax) = 5Az? + Az?, then 6 (g) = 2.
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Analysis of Order of Accuracy

According to Don et al. 2, the nonlinear component of the Z-type
weights must satisfy

T2r—1 P r—1
¢ Brte > Az", (14)

to guarantee the formal order of accuracy regardless of critical points,

or
lase))e e

0(¢) + pO(12r—1) —pO(Br +€) > —1, (16)
0(¢) — (r—1)

0B +¢) < O(rar—1) + —E——, (17)
min{f(B),0(¢)} < O(r2r—1) + 0(¢) —p(r —1)

2Don and Borges, J. Comput. Phys. 250, 2013
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Analysis of Order of Accuracy

> If () > 0(Bk) implies € < B, the non-linear component is
dominated by (i, the accuracy of the scheme won't be
affected by e.
» If 0(c) < 6(Bk), then equation (18) becomes
0(p) —(r—1
0e) < 0(rrr) + =Y, (19)
The integer parts of the optimal sensitivity order 6(¢), m, for the
fifth order WENO schemen,, = 1,2,3 and p = 1,2,3 are given in

the table.
WENO-Z(m) WENO-D(m)
nep O(rs) 0(¢) p=1 p=2 p=3 p=1 p=2 p=3
1 5 3 3 4 4 6 5 5
2 7 3 5 6 6 8 7 7
3 9 4 7 8 8 11 10 9(
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The New WENO-D Scheme

Based on the WENO-D scheme, a small modification on the non-
linear weights is applied to the WENO-D scheme, namely,

ap = d <max (1, ) (gj’“+15>p)> . (20)

This modification do not affect the optimal order at the presence of
critical points as analysed above for the WENO-D scheme.
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The WENO-A Scheme

We name this improved WENO-D scheme
as WENO-A scheme with A stands for
Abarbanel.
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Analysis of Order of Accuracy

We will examine the performance of the WENO-Z, WENO-D and
WENO-A scheme in achieving the formal order of accuracy for a
smooth function in the presence of critical points.

Consider the following test function

f(x) =2k g e [-1,1], (21)

in which its first k — 1 derivatives f)(0) = 0,5 = 0,1,....,k — 1.
That is, this function has a critical point of order n,, = k — 1 at
x = 0.
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Analysis of Order of Accuracy

Optimal Variable ¢

Nep =1 Nep = 2 Nep = 3

Zsp20va

07 - - - - Zpza 18 10°
DSp2cxs

- Dspzaxs

Asp2dis

2Z5p2dxa

2Z5p2dx4

— = — - ASp20xS

or
L_Max Error

> Notice that for various ¢ = Az™ ( m = 4 for WENO-Z scheme, m =5
for WENO-D and WENO-A scheme )

> All three methods achieve the optimal order asymptotically.

» WENO-A and WENO-D have a smaller L., error than
WENO-Z.

» For coarse mesh, WENO-A has smaller L., error than
WENO-D, and

» WENO-A has a convergence quicker than WENO-D and
WENO-Z schemes.
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Analysis of Order of Accuracy

Optimal Variable ¢

Nep = 1 Nep = 3
———— Z5p2dx4
———— Z5p2dx4 -——- ézpzzzxz;
102 - - - - Z5p2dx4 -8 107 p2dx! s
D5p2dx5 - D5p2dx5 1
- - - - D5p2dx5 ’, ———— A5p2dx5 ot
107 ——— ASp2dx5 4 = = = - A5p2dx5
ASp2dx5 ;
10° +H7
10°
s 6
‘gm‘% ______ <o 3 16 8
= 7’ - = o o
S pup—————l oo s
101 s
4
10"
100 L L L L 100 L Lo
0.02 904 006 008 0.1 gx 002 004 0.0800%01
X X

» The Zoomed in figure.

» For coarse mesh, WENO-A has a smaller L, error than
WENO-D.
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Analysis of Order of Accuracy

Fixed Variable ¢

Nep =1 Nep = 2 Nep = 3
ASp2dx5 ASp20x5 " \ ,
.
Ve
510" s 5107 ' 5 10"
@ 3 a 1 5 &
% P 5y K- V5 E i
i s % [N -
S0 e T T 1s Jao " o7
o4 “
! \
10° 4 10 v 0% v
. .
N \
10° 10* 10" 107 10" 10° 10" 10° 107 10" 10° 10° 10" 107 10°
dx dx dx

> Notice that for ¢ = Az®

» Not all three methods can get optimal order.

» WENO-A and WENO-D have smaller L, error than WENO-Z.

» WENO-A has a better convergence rate than the other two
schemes.

Wai-Sun Don A Generalized Fifth Order WENO-Z type weights



Analysis of Order of Accuracy

Fixed Variable ¢

Nep =1 Nep = 2
Z5p2dx5
———— Z5p2dxs - = — - z5p2dxs
x
- - DSZdeS 10° A5p2dx5
w0l - ﬁi“iﬂ‘? — = — - A5p2dxs ER
p2dx 10°
7
107 47
107
5 10° s e
& 6 & o 10° K]
k] 5 g 5
o o
2100 ’ BT S qs
- - 10
____ 7T T =
107 / 1 -4
________ Lol s 10 1
!
107 10" 143
1077 L L L L 4 1077 2
0.02 0.04 006 008 0.1 10* 10° 107
X dx

» The Zoomed in figure.

» For coarse mesh, WENO-A has smaller L., error than
WENO-D.

A Generalized Fifth Order WENO-Z type weights



WENO-A Scheme

Generally Speaking, WENO-A Scheme has
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WENO-A Scheme

Generally Speaking, WENO-A Scheme has

> a quicker convergence rate in the presence of high order
critical points,
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WENO-A Scheme

Generally Speaking, WENO-A Scheme has

> a quicker convergence rate in the presence of high order
critical points,

» for fine meshes, the errors are the same as WENO-D scheme,
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WENO-A Scheme

Generally Speaking, WENO-A Scheme has

> a quicker convergence rate in the presence of high order
critical points,

» for fine meshes, the errors are the same as WENO-D scheme,

» for coarse meshes, a smaller errors than WENO-D scheme.
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WENO-A Scheme

Generally Speaking, WENO-A Scheme has

> a quicker convergence rate in the presence of high order
critical points,

» for fine meshes, the errors are the same as WENO-D scheme,

» for coarse meshes, a smaller errors than WENO-D scheme.
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Numerical Result

We compare the numerical performance of WENO-A, WENO-D and
classical WENO-Z scheme. For those numerical examples,
the flow is describes by the Euler equations

P pu pu pw

pU pu2 +p pLU pUWU

pv | + | puv + | pv?+p + | pwv =0.
pw puUw pow pr +p

E ], (E+pu (E +p)v (E+ p)w

4 Y

This set of equations describes the conservation laws expressed by
mass density p, momentum density pv = (pu, pv, pw) and total
energy density F = pe + %pvQ, where e is the internal energy per
unit mass. To close this set of equations, the ideal-gas equation of
state p = (v — 1)pe with v = 1.4 is used.
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Numerical Result

For those numerical experiments, the Euler equations are solved by
following the general WENO methodology.

» Characteristic projection by Roe averaged eigensystem.
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Numerical Result

For those numerical experiments, the Euler equations are solved by
following the general WENO methodology.

» Characteristic projection by Roe averaged eigensystem.

» Flux splitting by local Lax-Friedrichs.
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Numerical Result

For those numerical experiments, the Euler equations are solved by
following the general WENO methodology.

» Characteristic projection by Roe averaged eigensystem.
» Flux splitting by local Lax-Friedrichs.

» Time integration by third order TVD Runge-Kutta method
with CFL number CFL= 0.45.
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One Dimension Shock Entropy Problem

The final time is ¢ = 5 and resolution is N = 1500.

------------- Reference
Z5p2dx4
047, - Reference 0.46 D5p2dx5
Z5p2dx4 H L ASp2dx5
D5p2dx5 i F
0.465 AS5p2dx5 H L
0.455
0.46
0.45f-
>
2
S0.445
= A
]

0.435

5.1 52 5.3 5.4 55 5.6
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One Dimension Shock Entropy Problem

The final time is ¢ = 5 and resolution is N = 1600.

------------- Reference
Z5p2dx4
047~ - Reference 0.46 D5p2dx5
E Z5p2dx4 [ ABp2dx5
F) D5p2dx5 F
0.465 |- A5p2dx5 o
0.455

0.45f-

0.445

Entropy

0.435

5.1 52 5.3 5.4 55 5.6
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One Dimension Shock Entropy Problem

The final time is ¢ = 5 and resolution is N = 1700.

------------- Reference
Z5p2dx4
047 - Reference 0.46 D5p2dx5
Z5p2dx4 [ ABp2dx5
D5p2dx5 F
0.465 - A5p2dx5 o
0.455

0.45f-

Entropy

0.445

0.435

5.1 52 5.3 5.4 55 5.6
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One Dimension Shock Entropy Problem

The final time is ¢ = 5 and resolution is N = 2000.

Reference
Z5p2dx4
047~ - Reference 0.46 D5p2dx5
F Z5p2dx4 [ A5p2dx5
oassh D5p2dx5 [
465 [ A5p2dx5 L
F padx 0455
0.46 [
I HHIEHIE e
HH [
> [
a2
So44s
=
w
: 0.435
0435F §3§ii i
WIS FEEEE NS FRTEE FENTS FERES FRWWE FRATS N vt ) 0.43

0‘4%.5 4 45 5 55 6 6.5 7 75 8 85
X
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One Dimension Shock Density Problem

The final time is ¢ = 5 and resolution is N = 800.

e Reference

eference Zonaud

. e Beleren D5p2dx5
— ggggggg A5p2dx5
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One Dimension Shock Density Problem

The final time is ¢ = 5 and resolution is N = 700.

.............. Reference
Reference e
. e Retetene D5p2dx5
F ——— D5p2dx5 ASP2ExS
F ———— A5p2cp5
45
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One Dimension Shock Density Problem

The final time is ¢ = 5 and resolution is N = 600.

.............. Reference
Reference e
. e Retetene D5p2dx5
F ——— D5p2dx5 ASP2ExS
F ———— A5p2cp5
45

Wai-Sun Don

A Generalized Fifth Order WENO-Z type weights



Interacting Blast Wave Problem

The final time is ¢ = 0.038 and resolution is N = 400.

Reference e Reference
———— Z5p2dx4 Z5p2dx4
r —— DS5p2dx5 r D5p2dx5
6 ——— A5p2dx5 6 A5p2dx5

R AT TRATTIN RS B
1 %.6 0.65 0.7 0.75 0.8 0.85
X
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Two Dimension Riemann Problem

The final time is ¢ = 0.8 and resolution is N = 400 x 400.

WENO-Z5 WENO-D5 WENO-A5
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Two Dimension DMR Problem

The final time is ¢ = 0.2 and resolution is N = 800 x 200.

WENO-Z5 WENO-D5 WENO-Ab

918
871

81
751

3
i3
89
863
847
378
789
20

Table: The CPU time (in seconds) of the DMR problem.
N x M WENO-Z WENO-D WENO-A
800 x 200 4.1E+03 4.6E+03 4.5E+03
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Rayleigh-Taylor Instability Problem

WENO-Z5 WENO-D5 WENO-A5
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Compressible Multicomponent Flows

Use WENO-A scheme for solving overestimated quasi-conservative form of the
compressible multicomponent flows simulation.

oQ OF
ot + an =0, (22)
p 1 U
pU 1 pu®+ P
Q=| pe |, U= 1 , F=| u(pe+P) |. (23)
pY1 1 puYi
Tp U Tp
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Richtmyer-Meshkov Instability Problem

The initial conditions are

( 1.4112 —0.3613 0 1.6272/1.4 1.4 28.8 )s z > —0.8
(puv Py M)= ( 5.04 0 0 1/1.4 1.093 145.15 ), =z <z
( 1 0 0 1/1.4 1.4 28.8 ), otherwise.

(24)

> where g = —1.1 — 0.1 cos(2my).
» The computational domainis —-8 <z <0and 0 <y < 1.
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Richtmyer-Meshkov Instability Problem

The final time is t = 8.25 and resolution is N = 1024 x 128.

WENO-Z5 WENO-D5 WENO-A5
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Shock-Bubble Interaction Problem

The initial conditions are

( 1.3764 —0.3336 O 1.5698/1.4 1.4 28.80 ), xz > 1.0
(puv P~y M)= { ( 3.153 0 0 1/1.4 1.249 90.82 ), +aZ+y2<0.5
( 1 0 0 1/1.4 1.4 28.80 ), otherwise.

(25)

» The computational domainis —3.5 <z <3 and -1 <y < 1.
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Shock-Bubble Interaction Problem

The final time is t = 7.337 and resolution is N = 650 x 178.

WENO-Z5 WENO-D5 WENO-A5
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Conclusion And Future Work

» Summary and conclusion remark

» We present the WENO-D and WENO-A schemes for the
solution of nonlinear hyperbolic conservation laws.

» We analyzed the new schemes in resolving function with a high
order critical point.

» We demonstrate that the new schemes can achieve the
optimal order of accuracy with a greatly relaxed constraint on
the sensitivity parameter €.

» The WENO-A scheme has a substantially smaller € than the
standard WENO-Z scheme, and performs competitively for
shocked flows.

> Future Work
» Extend the WENO-A scheme to higher order.

» Extend the WENO-A scheme to alternative WENO scheme
(AWENO) scheme for multi-components shocked flows in a
general curvilinear coordination.
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