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* Proposed framework — variational problems in spaces of measures
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General Theory — existence results W

* Homogenization problems
* Variational Evolution Equations for special parameterized measures
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Modeling using measures

Examples of measures in materials description:
pairwise interatomic displacements
grain size distribution
grain boundary character (GBCD)
lattice orientation distribution

Want a measure to describe microscopic properties

at each macroscopic point = Young measures

GBCD: (Rohrer)



DiPerna Measure-Valued Solutions

f@u@de = [ famdde+ [ @ o)

Rn
Generalized Young measures (v:, A, ;")
Describe oscillations and concentration
- The moments of the measure satisfy the PDE in the sense of distributions
- Strong uniqueness property: if strong solution exists it should coincide with it

- Application to Euler and Navier-Stokes

We will use a different concept of measure-valued solutions



Preparation



Preparation

We design the setup to deal with We are also interested in

problems of the form inf / f(x,u,Vu)dx gradient flows.
UEW 9



Preparation

We design the setup to deal with We are also interested in
problems of the form iélev/ f(x,u,Vu)dx gradient flows.
u 0

Some spaces, Q) C R" > =R" R x R",...

M(2,%) = {(tz)zen : bz =0, (Liuz) =1, x€Q} Young measures



Preparation

We design the setup to deal with We are also interested in
problems of the form iélev/ f(x,u,Vu)dx gradient flows.
u 0

Some spaces, Q) C R" > =R" R x R",...

M(2,%) = {(tz)zen : bz =0, (Liuz) =1, x€Q} Young measures

MP(Q,Y) = {u c M(Q, %) : /Q(|G|P,um)dx < oo}



Preparation

We design the setup to deal with We are also interested in
problems of the form iéﬁﬁ/f f(z,u, Vu) dx gradient flows.
u 0

Some spaces, Q) C R" > =R" R x R",...

M(2,%) = {(tz)zen : bz =0, (Liuz) =1, x€Q} Young measures
MP(Q,3) = {p e M(, ) : /(|J|p,um)d$ < oo}
Q

CP(E, %) = {(ha)aeq : ha € C(X),  |he(o)| < Clo|” o€ X}



Preparation

We design the setup to deal with We are also interested in
problems of the form iélif‘// f(z,u, Vu) dx gradient flows.
u 0

Some spaces, Q) C R" > =R" R x R",...

M(2,%) = {(tz)zen : bz =0, (Liuz) =1, x€Q} Young measures
MP(Q,3) = {p e M(, ) : /(|J|p,um)d$ < oo}
Q

CP(,Y) ={(hz)eecq : he € C(X), |he(o)| <ClolP o€}

I(p) = /(hx,ux) dx Is well defined for ;€ MP(Q2, %) h e CP(Q, %)
Q



The problem: inf/(hm,ﬂx)dl‘
Q

n

Theorem 1

Let h, € CP(,X) and let v € LY(Q), and assume that there exists C' > 0 such
that

he(o) > Clo|lP —~v(z) oceX, x €

Then the variational problem,

inf /(hx,ux) dx
Q

peMp

has a solution p € MP(€2, ) and

supp(pia) < {o €X: hy(0) = inf hx(a)}

o€

Proof: using duality arguments
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O U r F ra m ewo rk For presentation

purposes we omit the
treatment of

Instead of modeling with functions in a Sobolev space: concentration!

Use parameterized measures U:B(n: f) re (né&eX=RxR"

(1, pz) =1 Probability measure for each pointin

Recovering function values u u(x) = (0, ) Vu(z) = (&, piz)

(hx,um):Lhm(n,ﬁ)dux(n,E)

Compatibility condition (& pe) = Va(n, pe) Not the usual Young measures
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An Example — formal calculations

, 1
Classical problem lnf/ ~|Vul* — fu
Translation: TR —— Vu+— &

The variational problem: inf /(l|§|2 — f(x)n, pg) dx
pnek 0 2

Compatibility condition (& pz) = Va(n, pe)

Weak formulation of the

compatibility condition /9(5 v(@) +ndivoe(@), 1) de v
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Summarizing,

inf [ (I6P = f(e)n.ps) do
/C:{,uz()\(l,lux):l, /Q(g-v(:v)+ndivv(af;),um)dm:0 w}

Using Duality (Lagrange multipliers)

supinf /Q (SIEP = F(@)n — & - () — ndivo(w), ) do

Giving,
(1,€) € supppe <= {=v(r) —divv(r)= f()

Note that v(z) = /E(v(a?),um)dn d§ = L(&Mx)dﬁ d§ = Vu(x)



The general problem

inf /Q(hm,/,bm)dx K= {u >0 | (1, pe) =1, /Q(fv(a:) +ndivv(x), ) de =0 VU}

nsye



The general problem

inf L(hm,pm)dx K= {u >0 | (1, pe) =1, /Q(fv(:v) +ndivv(x), ) de =0 VU}

nsye

Formal duality calculation gives,

(n,€) € supppz <= Vehe(n,§) =v"(x) Vyhe(n,§) = divv*(z)



The general problem

inf ]Q(hm,,um)d:z: K= {u >0 (1, p) =1, /Q(fv(a:) +ndivv(x), ) de =0 ‘v’v}

nek

Formal duality calculation gives,
(777 g) S Supp p’ac — vfhx (TI) g) — U* (ZE‘) v??hm (777 5) — dZU U* (‘I:)
Where v* solves the dual optimization problem

For convex integrand we have a unique solution and the measures can be associated with a function.



Variational Problems for Special Young Measures

S=RxR" o= (n¢ex
M(Q:E) — {(ﬂx)xeﬂ D e 2> 0, (17/-1’56) =1, z¢ Q}

MP(Q, X)) = {p, e M(2,Y) : /Q(|cr|p,p,$)dx < oo}
CP(Q,Y) ={(hz)ecq : he € C(X), |he(o)| <Clo|P oe€X}



Variational Problems for Special Young Measures

S=RxR" o=(n¢ex

M(Q,2) = {(ts)ze s o 20, (Lipz) =1, z€Q}

(%) = { e M@, 2): [ (P ur) de < oo |

CHO,5) = {((h)scn: he € O(S),  ha(e)] < Clo? o€ %)
Wi(div:Q) = {v: Q>R :v-n=0 09, vell(Q) divve Q)

SMP(Q2,Y) = {,u c MP(Q, %) : /Q(g v(x) +n divv(x), ) de =0 Yov € Wg(div;ﬂ)}

Study the problem inf /(hx,um)da:
Q

puESMP
Existence? Unigqueness?
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The Dual Problem

ha(y,2z) = Sup lyn+2-£—h:(n,§)]  The conjugate function.
n,

J(v) = fﬂhi(di’v v(z),v(z)) dz A ={v e Wy(div; Q) : (div(z),v(x)) € dom(hy) x € 02}



The Dual Problem

hi(y,z) =sup[yn+z-&—hg(n,§)] The conjugate function.
UBS

LNMPZJQhﬂdﬂﬂﬁﬂfﬁiﬂdw A ={v e Wy(div; Q) : (div(z),v(x)) € dom(hy) x € 02}

Theorem 2:

Let h € CP(Q,%),1 < p < oo and assume that there exists v € L'(Q) and
C > 0 such that
he(o) = Clo|” —~(z)

Then the variational problem

sup J(v)
veA

has a solution v* € W (div; Q).



Theorem 3:

Let h € CP(,X), 1 < p < oo and assume that there exists a v € L1(Q) and a

C' > 0 such that
he(lo]) = Clo|P? — v(x)

Then the variational problem

inf T
o ()

has a solution p* € SM”(£2, %) with

supp(py) C {(W,S) c¥:(n,€) € argsupl€ - v*(z) + fdivv* (x) — hx(mﬁ)]}

7,€

where v* is a solution of the dual problem.

Proof: using duality arguments
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Outline of proof

L 8,0) = [ (o) dot [ a@(1 o) =1 da= [ (Bropo) do= [ (E0(a)ndivo(e). pe) do
a € LYQ),v € Wi(div;Q),8 € CP(Q, %)

Define dual function

g9(a, B,v) = inf L, o, B, v)
0

Linear termsin  L(u,a, B,v)  imply
dom(g) = {(a, B,v) : Be(0) = hye(0) —a(x) — & -v(x) —ndive(z) >0 (x,n,§) € 2 x X}
(o, B,v) € dom(g) =

QMﬁwﬁﬂﬁﬂm%@w=—/awﬂwimfﬁm,@m
H Q

pESMP
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Be(c) >0 = alx)>sup[—h.(o)+& -v(z)+ndive(x)] = h(dive(z),v(x))

Let B={(a,v) € LY(Q) x A:a(z) > ki (dive(z),v(z)) x € Q}

We have,
wwp glapo) = int [ ale)de = inf [ n5(divo(e),vle) de > —oo
B8>0,(x,v)EB (a,v)EB JO veA O

(.50 < L) < [ (hopa)de e SWP
Q

“érgll\gﬂp I(p) > 528})1}3)/{)9(@,6,@) = — 1)11613/9 he (divv(x),v(x))dr > —oc0
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Summarizing,

inf I(p) > —/Qh;(divv*(x),v*(m))dx

pESMP

Taking a minimizing sequence and using weak compactness of measures gives existence.
For the statement about the support of the measure:

using a selection theorem (Ekland Temam Ch 8, Thm 1.2 ) we can find a measurable selection

(M2, &) € arg (Sug[é" -v(w) + ndivv(z) — he(n, §)]
n,

The measure p =9, 0¢, attains the lower bound. In addition, if the
support does not satisfy the condition mentioned, then it is not optimal.
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A Homogenization Example

—div (C'Vu) = f Oscillating coefficients
fe(n, 6 N), e, (n,§)ex, AeS" Parameterized measure
1
he = ha(n.6,4) = 3 (A6.) — f(a)n dg(e.8) = [ dus(n.60)

f A tdg(z,A) > ol a>0
Assumption about the oscillations in C "

i A dg(a, A) < o0

W, A) = S(2 A7) dom(h}) = {(w.2A) s w = —f(x))



The dual problem is

1
inf 5 / (v(z), A~ 'v(x))dr subject to —divv(z)=f v-n=00Q
v Q
where A'= [ Aldg(z,A)

Sn

Which gives the known result,
—div (AVN) =f x € VA-n=0 z¢€dN

(L&) € supp () — £ = ATV (2) z €0

This gives in addition to the effective equation for the weak limit, also the
characterization of the oscillations, and allow calculation of all moments.
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Variational Evolution Equations

The evolution of the parameterized measure

Ol _
% + divy (V) =0 V= (V", Vﬁ)

Compatibility condition implies,

VeV= {V : /(V”dz’fu v(z) + VS - v(z), py)dz =0 Vv € Wi(div; Q)}
Q

A potential formulation of a gradient flow,

. L. 5
min ]Q IV ps) e+ / (Dyhas o (1)) da

This formulation does NOT reduce back to Sobolev space solution if it exists.



Motivated by minimizing movements,

1
ming, — |Ju — u™|)? +/ h(x,Vu)dx
2T O

to derive the gradient flow for that case, and noticing that the L2 norm above is the Wasserstein
distance but only in the 717 variable, we arrive at the following gradient flow formulation

1
: = ‘7772 V.
Hlé%/ (2| l 7#3:) dr + / ( Dahxaﬂx(t))dx



Equations in Weak Form??

Review the minimization problem, and the associated equation in weak
form,

Start with inf

(ha, pte) da And consider perturbations that preserve the total mass and
L ESMP 0 xy Mz

the compatibility condition we arrive at,

/ (V- Dhy, pig) dz =0 For V: f (V- Bv(x), pz)dx =0 v(x) € Wi(div; Q)
O 0

)= 7

There exists A(x) such that (Dh, — BA(z))u, =0 Dh, = [ Dyha(n,€) ]



The problem: Find a special Young measure p satisfying

f(Vg,c +Hy,piy)dx =0  ForV: /(Vm - Bv(x),v,)dxr =0 v(x) € Wi(div;Q),v € SMP
Q Q

Needs a Lax-Milgram type of theorem in Banach spaces
This implies ?
There exists A(z) such that (H, — BA(x))u, =0

The last statement says that the support of . is where H,(n, &) = BA(x)

Is this enough to determine the solution?



Thank youl!



