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𝑖=0

𝑚

𝜓𝑖,𝑧𝑗
𝑧

𝑥𝑖

= 0, 𝑗 = 1, ⋯ , 𝑛

x ∈ Ω ∈ ℝ𝑚, 𝜈(𝑥) a.e. on 𝜕Ω 𝑧 𝑥 ∈ 𝐷 ⊆ ℝ𝑛

Solution Set 𝒮

𝑧 ∈ 𝐶   Ω Γ 𝑛𝑅𝑒𝑔𝑢𝑙𝑎𝑟𝑖𝑡𝑦

𝐴𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦

𝑅𝑒𝑐𝑜𝑣𝑒𝑟𝑎𝑏𝑖𝑙𝑖𝑡𝑦

𝛻 ∙ 𝑞 𝑧 ≤ 0, 𝑞𝑖 𝑧 = 𝑧 ∙ 𝜓𝑖,𝑧
† 𝑧 − 𝜓𝑖 𝑧 , i = 1, ⋯ , 𝑚

𝒟 = ℬ 𝒮

b = ℬ 𝑧 = 𝐼 − 𝑃 𝜓𝜈,𝑧
† 𝑧

𝒟 ⊆ ker 𝑃 𝒜 = ℬ−1 ∈ 𝐶 𝒟 → 𝒮 ?



Approximation scheme

𝒜𝛿 ∈ 𝐶 𝒟 → 𝒢 , 𝛿 > 0, 𝒮 ⊂ 𝒢

𝑧𝛿 𝑏 = 𝒜𝛿 𝑏 ∈ 𝒢:  

Ω

 

𝑖=1

𝑚

 

𝑗=1

𝑛

𝜓𝑖,𝑧𝑗
𝑧𝛿 𝜃𝑗,𝑥𝑖

𝛿↓0
 

𝜕Ω

𝑏 ∙ 𝜃

𝑓𝑜𝑟 all 𝜃 ∈ 𝑋 = {𝜙 ∈ 𝐶1 Ω ∩ 𝐶  Ω
𝑛
, 𝑃𝜙 │

𝜕Ω
= 0}

𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑧𝛿 𝑏
𝛿↓0

𝑧0 𝑏 𝑠𝑡𝑟𝑜𝑛𝑔𝑙𝑦 𝑖𝑛 𝒢

𝑧0 𝑏 ∈ 𝒮, ℬ 𝑧0 = 𝑏

𝑧0 𝑏 = 𝒜 𝑏 ?

ℬ ∘ 𝒜 = 𝐼 𝑜𝑛 𝒟

𝒜 ∘ ℬ = 𝐼 𝑜𝑛 𝒮 ?



Linear case

 

𝑖=1

𝑚

𝑉𝑖𝑧𝑥𝑖
= 0 𝜓𝑖 𝑧 = 𝑞𝑖 𝑧 = 1

2𝑧 ⋅ 𝑉𝑖𝑧, 𝑖 = 1, ⋯ , 𝑚

𝑏 = (𝐼 − 𝑃)𝑉𝜈𝑧

𝐶𝑜𝑛𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝐸𝑛𝑒𝑟𝑔𝑦 𝛻 ⋅ 𝑞 𝑧 = 0

q z = 𝛻Φ 𝑧 + Ψ(𝑧)

ΔΦ = 0 𝑖𝑛 Ω 𝛻 ⋅ Ψ = 0 𝑖𝑛 Ω
𝜈 ⋅ 𝛻Φ = 𝑞𝜈 𝑜𝑛 𝜕Ω Ψ |

𝜕Ω
= 0

𝑇ℎ𝑒𝑜𝑟𝑒𝑚: 𝐴𝑠𝑠𝑢𝑚𝑒 𝑃 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑃𝑉𝜈𝑃 ≥ 0 𝑎. 𝑒. 𝑜𝑛 𝜕Ω
𝑇ℎ𝑒𝑛 𝑏 𝑢𝑛𝑖𝑞𝑢𝑒𝑙𝑦 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒𝑠 𝑉𝜈𝑧 𝑎𝑛𝑑 𝛷
(up to an additive constant) but not 𝛹



𝐴𝑠𝑠𝑢𝑚𝑒 𝒜 𝐹𝑟𝑒𝑐ℎ𝑒𝑡 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑏𝑙𝑒

𝑑𝒜 𝑧 : 𝒟′ → 𝒮′(𝑧)

 

𝜕Ω

𝑏 ⋅ 𝜃 =  

Ω

 

𝑖=1

𝑚

 

𝑗=1

𝑛

𝜓𝑖,𝑧𝑗
𝑧 𝜃𝑗,𝑥𝑖

 

𝜕Ω

 𝑏 ⋅ 𝜃 =  

Ω\Γ

 

𝑖=1

𝑚

 

𝑗=1

𝑛

𝜓𝑖,𝑧𝑗𝑧𝑘
𝑧  𝑧𝑘𝜃𝑗,𝑥𝑖

−  

Γ

(  𝜇 ⋅  𝑥)  

𝑖=1

𝑚

 

𝑗=1

𝑛

𝜓𝑖,𝑧𝑗
𝑧 𝜃𝑗,𝑥𝑖

=  

Ω/Γ

 𝑧 ⋅ 𝑅𝜃 +  

Γ

𝜎(𝑆𝜃)

 𝑏 ∈ 𝒟′, 𝜎 = −  𝜇 ⋅  𝑥 𝑎. 𝑒. 𝑜𝑛 Γ,  𝑧, 𝜎 ∈ 𝒮′(𝑧)

𝑅𝜃 𝑘 =  

𝑖=1

𝑚

 

𝑗=1

𝑛

𝜓𝑖,𝑧𝑗𝑧𝑘
𝑧 𝜃𝑗,𝑥𝑖

, 𝑘 = 1, … , 𝑛

(𝑆𝜃) =  

𝑖=1

𝑚

 

𝑗=1

𝑛

𝜓𝑖,𝑧𝑗
𝑧 𝜃𝑗,𝑥𝑖



𝐸𝑥𝑖𝑠𝑡𝑒𝑛𝑐𝑒 𝑎𝑛𝑑 𝑏𝑜𝑢𝑛𝑑𝑒𝑑𝑛𝑒𝑠𝑠 𝑜𝑓 (  𝑧, 𝜎)

𝜃 𝜕Ω = lub
 𝑏

 𝜕Ω
 𝑏 ⋅ 𝜃

 𝑏
𝒟′

𝜃 = lub
(  𝑧,𝜎)

 Ω\Γ
 𝑧 ⋅ 𝑅𝜃 +  Γ

𝜎(𝑆𝜃)

(  𝑧, 𝜎) 𝒮′(𝑧)

 𝑧, 𝜎 𝒮′(𝑧) ≤ 𝑐𝑧
 𝑏

𝒟′ ⇔ 𝜃 𝜕Ω ≤ 𝑐𝑧 𝜃

𝑟𝑒quires 𝑘𝑒𝑟 P sufficiently small, and

𝑘𝑒𝑟 𝜓𝜈,𝑧𝑧 (𝑧) ⊆ 𝑟𝑎𝑛𝑔𝑒 𝑃

𝑍 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑖𝑜𝑛 𝑜𝑓 𝑋 𝑖𝑛 𝑛𝑜𝑟𝑚 . (𝑑𝑒𝑝𝑒𝑛𝑑𝑠 𝑜𝑛 𝑧 ∈ 𝒮)

𝑇ℎ𝑒𝑜𝑟𝑒𝑚: 𝐴𝑠𝑠𝑢𝑚𝑒 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒 𝑓𝑜𝑟 𝜃 𝜕Ω , 𝑡ℎ𝑎𝑡 𝒟′ ⊆ 𝑍|𝜕Ω
∗, 𝑎𝑛𝑑 𝑡ℎ𝑎𝑡

𝜃 is Frechet differentiable.

𝑇ℎ𝑒𝑛 𝑓𝑜𝑟 𝑎𝑛𝑦  𝑏 ∈ 𝒟′, 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡  𝑧, 𝜎 ∈ 𝑅𝑍 ∗ × 𝑆𝑍 ∗ 𝑠𝑎𝑡𝑖𝑠𝑓𝑦𝑖𝑛𝑔

 

𝜕Ω

 𝑏 ⋅ 𝜃 =  

Ω\Γ

 𝑧 ⋅ 𝑅𝜃 +  

Γ

𝜎 𝑆𝜃 𝑓𝑜𝑟 𝑎𝑙𝑙 𝜃 ∈ 𝑍



𝑃𝑟𝑜𝑜𝑓: 𝑓𝑜𝑟 𝜉, 𝜃 ∈ 𝑍, 𝑑 𝜉 𝜃 =  

Ω/Γ

𝜁 𝜉 ⋅ 𝑅𝜃 +  

Γ

𝜁Γ(𝜉)(𝑆𝜃)

𝐹𝑜𝑟 𝑎𝑙𝑙 𝜃 ∈ 𝑍, 𝐽  𝑏 𝑐 = −  

2Ω

 𝑏 ⋅ 𝜃 + 1
2 𝜃 2 ≥ −

𝑐𝑧
2

2
 𝑏

𝒟′

2

𝐴𝑡 𝑎𝑛𝑦 𝑠𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑟𝑦 𝑝𝑜𝑖𝑛𝑡 𝜉 ∈ 𝑍 𝑜𝑓 𝐽  𝑏,

 

𝜕Ω

 𝑏 ⋅ 𝜃 = 𝜉 𝑑 𝜉 𝜃 𝑓𝑜𝑟 𝑎𝑙𝑙 𝜃 ∈ 𝑍

 𝑧 = 𝜉 𝜁 𝜉 , 𝜎 = 𝜉 𝜁Γ(𝜉)



𝑈𝑛𝑖𝑞𝑢𝑒𝑛𝑒𝑠𝑠 𝑜𝑓  𝑧, 𝜎 ∈ 𝒮′(𝑧)

𝐼𝑑𝑒𝑛𝑡𝑖𝑓𝑖𝑒𝑑 𝑤𝑖𝑡ℎ 𝒜 ∘ ℬ = 𝐼 𝑜𝑛 𝒮

𝑈𝑛𝑖𝑞𝑢𝑒𝑛𝑒𝑠𝑠 𝑓𝑎𝑖𝑙𝑢𝑟𝑒, 𝑛𝑜𝑛𝑡𝑟𝑖𝑣𝑖𝑎𝑙 𝑓, 𝑔 ∈ 𝒮′ 𝑧 , 𝑓 ∈ 𝑅𝑍 ∗, 𝑔 ∈ (𝑆𝑍)∗

 

Ω/Γ

𝑓 ⋅ 𝑅𝜃 +  

Γ

𝑔(𝑆𝜃) = 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝜃 ∈ 𝑍

𝑁𝑒𝑐𝑒𝑠𝑠𝑎𝑟𝑖𝑙𝑦 𝑅†𝑓 = 0 𝑖𝑛 Ω\Γ, 𝐼 − 𝑃 𝜓𝜈,𝑧𝑧 𝑧 𝑓 = 0 𝑎. 𝑒. 𝑜𝑛 𝜕Ω

𝜓𝜈,𝑧𝑧 𝑧 𝑓 |
𝜕Ω

⊂ 𝑟𝑎𝑛𝑔𝑒 𝑃

Λ = 𝑠𝑝𝑎𝑛  𝑧, 𝜎 , (  𝑏 ∈ 𝒟′)

Λ ⊆ 𝒮′ 𝑧 ⊆ 𝑅𝑍 ∗ × (𝑆𝑍)∗

𝑈𝑛𝑖𝑞𝑢𝑒𝑛𝑒𝑠𝑠 𝑜𝑓  𝑧, 𝜎 𝑖𝑛 𝑅𝑍 ∗ × (𝑆𝑍)∗ 𝑖𝑚𝑝𝑙𝑖𝑒𝑠

𝑍 = 𝑍Ω\Γ ⊕ 𝑍Γ

𝑆𝑍Ω\Γ = 0 𝑜𝑛 Γ

𝑅𝑍Γ = 0 𝑖𝑛 Ω/Γ



𝑍 = 𝑍Ω\Γ ⊕ 𝑍Γ 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑠 ker 𝑃 𝑠𝑢𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑙𝑦 𝑙𝑎𝑟𝑔𝑒

𝑍0 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑖𝑜𝑛 (𝐶1 Ω ∩ 𝐶  Ω )𝑛, 𝑛𝑜 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠

𝐴𝑠𝑠𝑢𝑚𝑒 𝑍0 = 𝑍0,Ω\Γ ⊕ 𝑍0,Γ , 𝑑𝑒𝑛𝑜𝑡𝑒 𝑍0,∩ = 𝑍0,Ω\Γ ∩ 𝑍0,Γ

𝑅𝑍0,∩ = 𝑆𝑍0,∩ = 0

𝑇ℎ𝑒𝑜𝑟𝑒𝑚: 𝐴𝑠𝑠𝑢𝑚𝑒 𝑃 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑃𝑍0,Γ = 𝑃𝑍0,∩

𝑇ℎ𝑒𝑛 𝑍 = 𝑍Ω/Γ ⊕ 𝑍Γ



𝐼𝑛𝑣𝑒𝑠𝑡𝑖𝑔𝑎𝑡𝑖𝑜𝑛

𝐸𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑛𝑜𝑟𝑚𝑠 𝜃 𝜆, 𝜆 = 1,2
𝑆𝑎𝑚𝑒 𝑍, (𝑅𝑍)∗, (𝑆𝑍)∗, Λ, 𝒮′

𝐵𝑢𝑡 𝑑 𝜃 1 ≠ 𝑑 𝜃 2 , 𝜉1 ≠ 𝜉2 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑖𝑛𝑔 −  

𝜕Ω

 𝑏 ⋅ 𝜃 + 1
2 𝜃 𝜆

2

𝑤𝑖𝑙𝑙 𝑔𝑒𝑡  𝑧1,𝜎1 𝑎𝑛𝑑  𝑧2,𝜎2

𝐼𝑓  𝑧, 𝜎 𝑖𝑠 𝑢𝑛𝑖𝑞𝑢𝑒 𝑤𝑖𝑡ℎ𝑖𝑛 Λ,  𝑧1, 𝜎1 =  𝑧2, 𝜎2

𝐼𝑓  𝑧1, 𝜎1 ≠  𝑧2, 𝜎2 𝑓 =  𝑧1 −  𝑧2 𝑔 = 𝜎1 − 𝜎2

𝐸𝑥𝑎𝑚𝑝𝑙𝑒: 𝜃 𝜆
2 =  

Ω\Γ

𝑤|𝑅𝜃|2 + 𝜆  

Γ

𝑤Γ(𝑆𝜃)2 𝑤 𝑥 , 𝑤Γ 𝑥 ≥ 1

(  𝑧, 𝜎) 𝒮′
2 =  

Ω\Γ

1

𝑤
 𝑧 2 +  

Γ

1

𝑤Γ
𝜎2 (𝑅𝑍)∗ = 𝑤𝑅𝑍, (𝑆𝑍)∗= 𝑤Γ𝑆𝑍

 𝑧𝜆 = 𝑤𝑅𝜉𝜆 , 𝜎𝜆 = 𝜆𝑤Γ𝑆𝜉𝜆



𝑇ℎ𝑒𝑜𝑟𝑒𝑚: 𝑆𝑢𝑝𝑝𝑜𝑠𝑒  𝑧1 =  𝑧2 𝑜𝑟 𝜎1 = 𝜎2 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ  𝑏 ∈ 𝒟′

𝑇ℎ𝑒𝑛 𝑏𝑜𝑡ℎ ℎ𝑜𝑙𝑑 𝑎𝑛𝑑 𝑍Ω\Γ, 𝑍Γ 𝑎𝑟𝑒 𝑠𝑢𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑙𝑦 𝑙𝑎𝑟𝑔𝑒 𝑡ℎ𝑎𝑡

Λ ⊆ 𝑤𝑅𝑍Ω\Γ × 𝑤Γ𝑆𝑍Γ

 𝑧 ∈ 𝑤𝑅𝑍Ω\Γ , 𝜎 ∈ 𝑤Γ𝑆𝑍Γ 𝑓𝑜𝑟 𝑎𝑛𝑦  𝑏 ∈ 𝒟′



𝐶𝑜𝑚𝑝𝑢𝑡𝑎𝑡𝑖𝑜𝑛

𝐶𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑐𝑒 𝑧𝛿 → 𝑧0 𝑠𝑢𝑔𝑔𝑒𝑠𝑡𝑠 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 𝑑𝑎𝑡𝑎 𝑛𝑜𝑡 𝑜𝑣𝑒𝑟 − 𝑠𝑝𝑒𝑐𝑖𝑓𝑖𝑒𝑑,
ker 𝑃 𝑠𝑢𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑙𝑦 𝑠𝑚𝑎𝑙𝑙 𝜃 𝜕Ω ≤ 𝑐𝑧 𝜃 , 𝑓𝑜𝑟 𝑠𝑢𝑖𝑡𝑎𝑏𝑙𝑒 𝑤, 𝑤Γ, ∙ 𝜕Ω

𝐹𝑖𝑛𝑑 𝑤, 𝑤Γ, ∙ 𝜕Ω 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝐽 𝑍 ≥ −1
2𝑐𝑧

2, 𝐽 𝜃 = − 𝜃 𝜕Ω + 1
2 𝜃 2 ,

𝜃 𝜕Ω 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒𝑠  𝑏
𝒟′ , 𝑓𝑜𝑟 𝑒𝑥𝑎𝑚𝑝𝑙𝑒 𝜃 𝜕Ω = 𝑄𝜃 𝐿2(𝜕Ω)

𝑖𝑚𝑝𝑙𝑖𝑒𝑠  𝑏
𝒟′ = 𝑄−1  𝑏

𝐿2(𝜕Ω)

𝐶𝑎𝑛 𝑏𝑒 𝑒𝑎𝑠𝑦, 𝑤 = 𝑤Γ = 1 , 𝑄 = 𝐼, 𝑑𝑒𝑝𝑒𝑛𝑑𝑖𝑛𝑔 𝑜𝑛 𝑧0

𝑇ℎ𝑒𝑛 𝑓𝑜𝑟 𝑎𝑛𝑦  𝑏 ∈ 𝒟′, 𝐽  𝑏𝜆 𝑍 ≥ −𝑐  𝑏 , 𝐽  𝑏𝜆 𝜃 = −  

𝜕Ω

 𝑏 ⋅ 𝜃 + 1
2‖𝜃‖𝜆

2

𝜉  𝑏𝜆 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑖𝑛𝑔 𝐽  𝑏𝜆 𝑜𝑣𝑒𝑟 𝑍 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠

 

2Ω

 𝑏 ⋅ 𝜃 =  

Ω\Γ

𝑤𝑅𝜉  𝑏𝜆 ⋅ 𝑅𝜃 + 𝜆  

Γ

𝑤Γ(𝑆𝜉  𝑏𝜆)(𝑆𝜃)

𝑓𝑜𝑟 𝑎𝑙𝑙 𝜃 ∈ 𝑍. 𝑆𝑢𝑓𝑓𝑖𝑐𝑒𝑠 𝑡𝑜 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑖𝑓

𝑅 𝜉  𝑏1 − 𝜉  𝑏2 = 0



𝑆𝑢𝑓𝑓𝑖𝑐𝑒𝑠 𝑡𝑜 𝑑𝑖𝑠𝑐𝑟𝑒𝑡𝑖𝑧𝑒 𝑓𝑜𝑢𝑟 𝑡𝑒𝑟𝑚𝑠

 

2Ω

 𝑏 ⋅ 𝜃 , 𝜃 𝜕Ω ,  

Ω\Γ

𝑤 𝑅𝜃 2 ,  

Γ

𝑤Γ 𝑆𝜃 2

𝐻𝑎𝑣𝑒 𝑧𝛿

𝛿↓0
𝑧0

𝑅𝛿𝜃 𝑘 =  

𝑖=1

𝑚

 

𝑗=1

𝑛

𝜓𝑖,𝑧𝑗𝑧𝑘
𝑧𝛿 𝜃𝑗,𝑥𝑖

, 𝑘 = 1, ⋯ , 𝑛 , 𝑡ℎ𝑟𝑜𝑢𝑔ℎ𝑜𝑢𝑡 Ω

𝑁𝑒𝑒𝑑 𝑤𝛿

𝛿↓0
𝑤 𝑠𝑜 𝑡ℎ𝑎𝑡

𝑤𝛿
 1 2𝑅𝛿𝜃 − 𝑤  1 2𝑅 𝜃

𝐿2(Ω)

𝛿↓0
0 𝑓𝑜𝑟 𝑎𝑛𝑦 𝜃 ∈ 𝑊1,∞ Ω

𝑛

𝐷𝑜𝑛′𝑡 ℎ𝑎𝑣𝑒 Γ ; 𝜓𝑖,𝑧𝑗
𝑧𝛿 𝑢𝑛𝑑𝑒𝑓𝑖𝑛𝑒𝑑

𝐻𝑎𝑣𝑒 "transition regions" Γ𝜀 of size O(𝜀)

𝜀 = 𝑜 1 𝑎𝑠 𝛿 ↓ 0
𝑧𝛿 "well behaved" 𝑜𝑢𝑡𝑠𝑖𝑑𝑒 𝑜𝑓 Γ𝜀



𝐶𝑟𝑢𝑑𝑒 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑆𝜃 𝑠𝑢𝑓𝑓𝑖𝑐𝑒𝑠

𝑆𝜀𝛿 = 𝑆𝜀 𝑧𝛿 ∈ 𝐶 𝑊1,∞ Ω
𝑛

→ 𝐿∞ Ω
𝑚

𝑆𝜀𝛿 𝜃 𝑙 𝑥 ≈ 𝜀−  1 2  

𝑖=1

𝑚

 

𝑗=1

𝑛

𝜓𝑖,𝑧𝑗
𝑧𝛿 𝑥 +

𝜀

4
 𝑥𝑙 − 𝜓𝑖,𝑧𝑗

𝑧𝛿 𝑥 −
𝜀

4
 𝑥𝑙 𝜃𝑗,𝑥𝑖

𝑥

𝑡ℎ𝑟𝑜𝑢𝑔ℎ𝑜𝑢𝑡 Ω

𝑁𝑒𝑒𝑑 𝛿 𝑠𝑢𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑙𝑦 𝑠𝑚𝑎𝑙𝑙, 𝑑𝑒𝑝𝑒𝑛𝑑𝑖𝑛𝑔 𝑜𝑛 𝜀, 𝑎𝑛𝑑 𝑤Γ𝜀

𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑓𝑜𝑟 𝑎𝑛𝑦 𝜃 ∈ 𝑊1,∞ Ω
𝑛

 

Ω

𝑤Γ𝜀
𝑆𝜀𝛿𝜃 − 𝑆𝜀0𝜃 2

𝜀,𝛿↓0
0

𝑎𝑛𝑑

 

Ω\Γε

𝑤Γ𝜀
𝑆𝜀𝛿𝜃 2

𝜀,𝛿↓0
0

𝑙 = 1, … , 𝑚



𝑇ℎ𝑒𝑛 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑒 𝐽, 𝐽  𝑏⋅𝜆 𝑏𝑦

𝐽𝜀𝛿 𝜃 = − 𝜃 𝜕Ω + 1
2  

Ω

𝑤𝛿 𝑅𝛿𝜃 2 + 1
2  

Ω

𝑤Γ𝜀
𝑆𝜀𝛿𝜃 2

𝐽  𝑏𝜀𝛿𝜆 𝜃 = −  

𝜕Ω

 𝑏 ⋅ 𝜃 + 1
2  

Ω

𝑤𝛿 𝑅𝛿𝜃 2 + 𝜆
2  

Ω

𝑤Γ𝜀
𝑆𝜀𝛿𝜃 2 , 𝜆 = 1,2

𝑓𝑜𝑟 𝜃 ∈ 𝑋𝛿: 𝑛𝑒𝑠𝑡𝑒𝑑, 𝑓𝑖𝑛𝑖𝑡𝑒 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑊1,∞ Ω
𝑛
,

𝑏𝑒𝑐𝑜𝑚𝑖𝑛𝑔 𝑑𝑒𝑛𝑠𝑒 𝑖𝑛 𝑋 𝑎𝑠 𝛿 ↓ 0 , 𝑃𝑋𝛿  
𝜕Ω

= 0

𝑋𝛿 𝑑𝑜𝑒𝑠 𝐧𝐨𝐭 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑏𝑒 𝑡ℎ𝑒 𝑡𝑒𝑠𝑡 𝑠𝑝𝑎𝑐𝑒 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑒𝑑 𝑤𝑖𝑡ℎ 𝑧𝛿 .



𝑆𝑒𝑒𝑘 𝑤𝛿 , 𝑤Γ𝜀
, ‖ ∙ ‖𝜕Ω , 𝑋𝛿 , 𝛿 𝜀 𝑡𝑜 "𝑣𝑒𝑟𝑖𝑓𝑦"

∗ 𝑔𝑙𝑏 𝐽𝜀𝛿 𝑋𝛿 ≥ −𝑐
𝜀, 𝛿 ↓ 0

𝑇ℎ𝑒𝑜𝑟𝑒𝑚: 𝐴𝑠𝑠𝑢𝑚𝑒 ∗ 𝑎𝑛𝑑 𝑤Γ𝜀
, 𝑤Γ ≥ 1 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑓𝑜𝑟 𝑎𝑛𝑦 𝜃 ∈ 𝑋

lim sup
𝜀↓0

 

Ω

𝑤Γ𝜀
𝑆𝜀0𝜃 2 ≤ 𝑐  

Γ

𝑤Γ 𝑆𝜃 2

𝑇ℎ𝑒𝑛

∗∗ 𝐽 𝑋 ≥ −𝑐

𝑇ℎ𝑒𝑜𝑟𝑒𝑚: 𝐴𝑠𝑠𝑢𝑚𝑒 ∗∗ 𝑎𝑛𝑑 𝑤Γ𝜀
, 𝑤Γ 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑓𝑜𝑟 𝑎𝑛𝑦 𝜃 ∈ 𝑋

lim inf
𝜀↓0

 

Ω

𝑤Γ𝜀
𝑆𝜀0𝜃 2 ≥ 1

𝑐
 

Γ

𝑤Γ 𝑆𝜃 2

𝑇ℎ𝑒𝑛 𝑓𝑜𝑟 𝑎𝑛𝑦 𝜃 ∈ 𝑋

lim inf
𝜀,𝛿↓0

𝐽𝜀𝛿(𝜃) ≥ −𝑐

𝑤𝑖𝑡ℎ 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑒𝑛𝑡 𝑜𝑓 𝜃, 𝑏𝑢𝑡 𝑑𝑜𝑛′𝑡 𝑔𝑒𝑡 (∗)



‖ ⋅ ‖𝜕Ω 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒𝑠 ‖ ⋅ ‖𝒟′ . 𝐼𝑓 ∗ ℎ𝑜𝑙𝑑𝑠, 𝑡ℎ𝑒𝑛 𝑓𝑜𝑟 𝑎𝑛𝑦  𝑏 ∈ 𝒟′

𝐽  𝑏𝜀𝛿𝜆 𝑋𝛿 ≥ −𝑐  𝑏

𝜉  𝑏𝜀𝛿𝜆 ∈ 𝑋𝛿 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑖𝑛𝑔 𝐽  𝑏𝜀𝛿𝜆 𝑜𝑣𝑒𝑟 𝑋𝛿 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠

 

𝜕Ω

 𝑏 ⋅ 𝜃𝛿 =  

Ω

𝑤𝛿𝑅𝛿𝜉  𝑏𝜀𝛿𝜆 ⋅ 𝑅𝛿𝜃𝛿 + 𝜆  

Ω

𝑤Γ𝜀
𝑆𝜀𝛿𝜉  𝑏𝜀𝛿𝜆 ⋅ 𝑆𝜀𝛿𝜃𝛿 𝑓𝑜𝑟 𝑎𝑙𝑙 𝜃𝛿 ∈ 𝑋𝛿

𝑇ℎ𝑒𝑜𝑟𝑒𝑚: 𝐴𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑎𝑡 𝑎𝑛𝑦 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝜙𝛿 ∈ 𝑋𝛿 𝑠𝑎𝑡𝑖𝑠𝑓𝑦𝑖𝑛𝑔  

Ω

𝑤Γ𝜀
𝑆𝜀𝛿𝜙𝛿

2 ≤ 𝑐

𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠 𝑎 𝑠𝑢𝑏𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑤𝑖𝑡ℎ 𝑎 𝑤𝑒𝑎𝑘 𝑙𝑖𝑚𝑖𝑡 𝜙0 ∈ 𝑍 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑓𝑜𝑟 𝑎𝑛𝑦 𝜃 ∈ 𝑋

 

Ω

𝑤Γ𝜀
𝑆𝜀𝛿𝜙𝛿 ⋅ 𝑆𝜀0𝜃

𝜀,𝛿↓0
 

Γ

𝑤Γ 𝑆𝜙0 𝑆𝜃

𝑇ℎ𝑒𝑛 𝑤𝛿
 1 2𝑅𝛿 𝜉  𝑏𝜀𝛿1 − 𝜉  𝑏𝜀𝛿2  

𝜀,𝛿↓0
0 𝑤𝑒𝑎𝑘𝑙𝑦 𝑖𝑛 𝐿2 Ω

𝑛

𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑅𝜉  𝑏1 = 𝑅𝜉  𝑏2

1 − Δ −1𝑤𝛿
 1 2𝑅𝛿 𝜉  𝑏𝜀𝛿1 − 𝜉  𝑏𝜀𝛿2

𝜀,𝛿↓0
0 𝑖𝑛 𝐿2 Ω

𝑛
suffices


