A source of uncertainty in
computed discontinuous flows

Michael Sever
Department of Mathematics
The Hebrew University
Jerusalem, Israel



i (l/)i,zj(z)>x. =0, j=1n

i=0
Xx€ENER™, wv(x)aeond) z(x)eDCcSR"

Solution Set §
Regularity z € C(Q/T)"

Admissibility 7 .q(z) <0, q;(z) =z- l/)Zz(Z) —;(2),i=1,-,m
Recoverability D = B(S)

b=B() = - P,
DCkerPA=B1eC(D-S)



Approximation scheme

As € C(D - G), 6 >0, Scg

25(b) = A5(b) € G: jjzzzplz(z(s)e,x - jb :

i=1j=1

forallg € X = {¢ € (C(Q) n C(Q)) ,PgbalQ =0}

Suppose Zs(b) S—lgzo(b) strongly in G
zo(b) €S, B(zy) = b
zo(b) = A(b)?
BoA=1onD
AoB=1ons§?



Linear case

m
ZVizxi =0 yY;(z) =q;(z) = %Z Viz,i=1,--,m
i=1

b=(-P)V,z

Conservation of EnergyV -q(z) =0
q(z) = Vd(z) + ¥(2)

AD =0in Q) V-W=0in
v-Vb=q,ondQ) VY| =0
0Q

Theorem: Assume P such that PV,P = 0 a.e.on 9Q)
Then b uniquely determines V,,z and ®
(up to an additive constant) but not ¥



Assume A Frechet dif ferentiable

dA(z):D' - §'(2)

jb e—ijZz/az(z)e,xl

i=1j=1
]b.a = ﬂ .m ilpi,zjzk(z)z.kej,xi _J(ﬁ'x)ii[lplz (Z)] 0.,
o0 O\T i=1 j=1 it i=1 =1
=Qj/jrz'-R9+Ffa(59)

heD, o=—fi-xa.e.onT, (z,0) € §'(2)
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Existence and boundedness of (z,0)

fmb - 0
1B]],,,

G s < bl & 16llaa < <Nl

Jlopr2- RO+ [ 0(56)
B \[ r
161l = (lélb

16]laq = lub :
0= o) 1(Z,0)ls72)

requires ker P sufficiently small, and
ker, ., (z) € range P

Z completion of X innorm ||.|| (depends on z € §)

Theorem: Assume estimate (for ||8]|5q), that D' € (Z|3q)", and that
8| is Frechet differentiable.

Then for any b € D', there exist (2,0) € (RZ)* x (SZ)* satisfying

allb-e): ﬂz’-R9+ja(Sl9) foralld € Z

Q\T r



Proof: for&,6€z,  d(lEN6 = jj $(E) - R + j £ (6)(S0)
I

Q/T

. cz ..
Forall8 € Z,];(c) = — jb-0+%||9||2 2—?Z||b||;,
20

At any stationary point & € Z of J;,

j b-6 = ENdAIENG for all 6 € Z

aQ

z= €115, o =1¢l¢r(®)



Uniqueness of (z,0) € §'(2)

Identified with AoB=1ons$

Uniqueness failure,nontrivial (f,g) € $'(z),f € (RZ)*, g € (S2)*

jf-R9+jg(59)=0 forallf € Z
Q/T r

Necessarily RTf = 0in Q\T, (I—-P)Y,,,(2)f =0 a.e.on 00
Yy,zz (2)f aIQ C range P

A= span{(z', o), (15 € D’)}

ACS S§'(z) € (RZ)" x (SZ2)*

Uniqueness of (z,0) in (RZ)* X (SZ)* implies

Z = Z.Q\F@ZF

SZoxr =0 onT
RZr=0inQ/T



Z = Zq\r © Zr requires Ker P suf ficiently large

Zo completion (C1(Q) N C(Q))", no boundary conditions

Assume Zy = Zoo\r D Zor,denote Zyn = Zoa\r N Zor

RZO,ﬂ — SZO,ﬂ = 0

Theorem: Assume P such that {PZO,F} = {PZO,n}

Then Z = Z.Q/F @ Zl"



Investigation
Equivalent norms ||6]|;, A=1,2
Same Z,(RZ)*,(SZ2)*,A, S’

But d(611,) # d(1011), & # & minimizing — [ b- 0+ 1ol
Q)

will get (21,01) and (22,02)

If (z,0)is unique within A, (Z1,0,) = (2,,0,)

If (21,01) # (23,0,) f=21—2,9=0,— 0y

Example: ||6]|5 = ﬂ w|RO|? +/1j wr(58)? w(x),wr(x) >1
O\T

I(z, 0)||5, = U 12]? + j—az (RZ)*= wRZ,(SZ)*= wrSZ

Q\T

Z)l = WRf)L ,y0) = /1W1-'S€/1



Theorem: Suppose z, = Z, or ¢, = 0, for each b € D’
Then both hold and Zq\r, Zr are suf ficiently large that
A C WRZQ\F X WFSZF

Z € WRZo\r,0 € wpSZy for any beD



Computation

Convergence zg — z, suggests boundary data not over — specified,
ker P suf ficiently small ||0]l5q < c,||8]||, for suitable w,wr, ||| 50

Find w,wr, ||-laq such that J(Z) = —3¢Z,](6) = —l6llaq + 31I611%,

18]l 5q determines ”[)”1)’ , for example||0||5q = 1Q0]|.,a0)
impiies|bl, = 1o~ .,

Can be easy,w =wr =1,0Q = I,depending on z,

Then for any b € D',];,(Z) = —c;,, ];,(8) = — j h-0 _|_%||g”§1
&y minimizing [, over Z satisfies

jb-9= ﬂwR€bA-R9+/1wa(S€M)(59)

20 Q\T r

forall 8 € Z. Suffices to determine if

R(&p1 —€52) =0



Suffices to discretize four terms
|50, l6laa,  [[wirer, [ wicsoy?
20 Q\I r

6l0
Have zs — z,

m n
(Rs0)y, = Z z l,bi,zjzk(25)9j,xi ,k=1,---,n,throughout Q
i=1j=1
510
Need wsg — w so that

||W51/2R59 —w'/2R 0 20 forany 6 € (W (Q))"

L, (Q)

Don't haveT ; [l/)i,zj (25)] undefined

Have "transition regions” I of size O(¢)

ce=0(1)as 610
zs "well behaved" outside of T,



Crude approximation of SO suffices

Ses = Se(z5) € C (W ()" > (Lo(@)™)

SO0 = e72 Yy (z/zi,z,. (Z5 (x+ Z»@)) - iz, <Z5 (x - Za@))) B2, ()

i=1j=1

throughout () [=1,...m

Need & suf ficiently small, depending on &, and wr
such that for any 0 € (W1'°°(Q))n
£610
|| wr15cs0 = 50012 =0
Q

and
010
fj WF£|S<€59|2 —0

O\T'e



Then approximate J,J;.; by

Jos(©) =—||e||aﬂ+%jW5|R59|2+%jwpe|sgae|2
Q Q

Jhesa(8) = — j b-6 +%J ws|Rs6| +%f wr, [Ses61% , 1 = 1,2
1o Q Q ,
for 6 € Xg:nested, finite — dimensional subspace of (W¥*(Q))",

becoming denseinX as 61 0,PXg |aQ =0

X5 does not have to be the test space associated with zg.



Seek ws ,wr_, || - llaa, X5 ,8(¢) to "verify"
(*) glb]s6(X6) = —C
610

Theorem: Assume (*) and wr,_,wr (= 1) such that for any 0 € X

lim sup ﬂ wr,|Se0B1? < cj wr(56)2
elo
Q T

Then
(=) JX) = —c

Theorem: Assume (*x) and wr_, wr such that for any 6 € X

lim infﬂ wr_|Sg08|% = lj wr(56)?
£l € ¢
Q r
Then forany 0 € X

llg%ll(l)’lf]gcg @) = —c

with a constant indepenent of 6, but don't get (*)



| - ll5q determines || - |lpr. If () holds, then for any b € D’

Jpesa(Xs) = —c;

Epesy € Xs minimizing J .5, over Xs satisfies

J b 05 = U WsRsSpesa - Rsbs + AH Wr,SesSpesa - Sesbs for all 05 € Xs
30 Q a

Theorem: Assume that any sequence ¢5 € X5 satisfying j j WF8|585¢5|2 <c
Q
contains a subsequence with a (weak) limit ¢, € Z such that for any 0 € X
010
|| wrSests 500" [ wetspo)(56)
Q r

8,6»],0 . n
Then W81/2R5(§b€51 — &pesz) — 0 weakly in (L,(Q))
implies REy, = Rép,

610 _
(1- A)_1W§/2R5(€b£51 — &pesz) — 0 in (L, (Q))n suffices



