
A Hierarchical Space-Time spectral element method for
simulating complex multiphase flows

Mark Sussman

December 18-20, 2018, Tel Aviv. Advances in Applied Mathematics. A
conference in memoriam of Professor Saul Abarbanel.

Mark Sussman (Florida State University) A Hierarchical Space-Time spectral element method for simulating complex multiphase flows
December 18-20, 2018, Tel Aviv. Advances in Applied Mathematics. A conference in memoriam of Professor Saul Abarbanel. 1

/ 73



Motivation

The Research for the space-time spectral element method was performed by
Chaoxu Pei under the supervision of Mark Sussman and M. Yousuff Hussaini.

We have discovered that the space-time spectral element method preserves
structure in complex flow better than low order methods.

We have discovered that it is easier than one might expect to extend a low
order method to a space-time spectral method that is robust.

Possible future applications: Stability Analysis in complex Multiphase Flow,
vorticity confinement in complex multiphase and multimaterial flows,
numerical methods with excellent dispersion relation preserving properties.
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Wing Tip Vortices
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Stability of Rotating Viscous and Inviscid Flows
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Long term Stability of vortex patches
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Jet In A Cross Flow (JICF)
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Jet In A Cross Flow (JICF): Grid strategies
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Jet In A Cross Flow (JICF): uniform grids versus AMR
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Jet In A Cross Flow (JICF): patterns
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Further Motivations in multiphase flow

Sea Spray (Dr. Doug Dommermuth, SUSTAIN tank in Miami)

boiling in microgravity environments (Dr. Yongsheng Lian, Yang Liu)

Laser assisted particle removal (Dr. M.Y. Hussaini, Dr. B. Unlusu, Dr. K.
Lammers)

spray in dishwashers (Dr. Yongsheng Lian)

shock drop interaction (Dr. Yongsheng Lian)

under water explosions (Weidlinger Assoc., Dr. Matt Jemison, Dr. Samet
Kadioglu)

Atomization and spray in diesel injectors (Dr. Marco Arienti, Cody Estebe,
Dr. Yaohong Wang)

Multiphase non-Newtonian flows (Dr. Mitsuhiro Ohta, Dr. Edwin Jimenez,
Dr. Paul Stewart, Dr. Nathan Lay)
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Paper that recently appeared online in Discrete and
Continuous Dynamical Systems, Series B (AIMS)
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Paper that recently appeared online in the International
Journal of Computational Methods (2018)
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Paper that recently appeared in “Online first” Journal of
Scientific Computing
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Other Related Work (single phase flow only)

Zhang, “GePUP: Generic Projection and Unconstrained PPE for
Fourth-Order Solutions of the Incompressible NavierStokes Equations with
No-Slip Boundary Conditions” (2016)

Kadioglu and Colak, “An essentially non-oscillatory spectral deferred
correction method for conservation laws” (2016)

Almgren, Aspden, Bell, Minion, “On the Use of Higher-Order Projection
Methods for Incompressible Turbulent Flow” (2013)

Fambri and Dumbser, “Spectral semi-implicit and space-time discontinuous
Galerkin methods for the incompressible Navier-Stokes equations on
staggered Cartesian grids” (2016)

Morinishi, Lund, Vasilyev, Moin, “Fully conservative higher order finite
difference schemes for incompressible flow” (JCP 1998)
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Other Related Work continued

Hu, Grossman, Steinhoff, “Numerical Method for Vorticity Confinement in
Compressible Flow,” AIAA Journal, 2002.

Bauer, Cotter, “Energy-enstrophy conserving compatible finite element
schemes for the rotating shallow water equations with slip boundary
conditions,” JCP 2018.

Sidilkover, “Towards unification of the Vorticity Confinement and Shock
Capturing (TVD and ENO/WENO) methods,” JCP 2018.
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Other Related Work continued (one of which is
multiphase)

Minion and Saye, “Higher-order temporal integration for the incompressible
Navier-Stokes equations in bounded domains” (JCP 2018)

Saye, “Implicit mesh discontinuous Galerkin methods and interfacial gauge
methods for high-order accurate interface dynamics, with applications to
surface tension dynamics, rigid body fluid-structure interaction, and free
surface flow: Part I” (JCP 2017)

Saye, “Interfacial gauge methods for incompressible fluid dynamics” (Science
Advances 2016)
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Navier-Stokes Equations for Multiphase flow

w t = FA[w ] + FD [w ] + FP [w ]

φ
(m)
t + u · ∇φ(m) = 0 Level set equations

p = p(m)(ρ, e) (t, x) ∈ Ω(m),compressible

∇ · u = 0 (t, x) ∈ Ω(m),incompressible

w =

 ρ
ρu
ρE
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Navier-Stokes Equations for Multiphase flow (cont)

FA = −∇ · (u ⊗w)

FD =

 0
∇ · τ

∇ · (u : τ)−∇ · q

 FP =

 0
−∇p − σκ(φ)∇H
−∇ · (up)


n · [−pI + τ ] · n = −σκ(φ) t · [−pI + τ ] · n = 0
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Level Set Function

Γ = {x |φ(t, x) = 0}

n =
∇φ
|∇φ|

κ = ∇ · ∇φ
|∇φ|
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Explicit Method

For example, an I-stable scheme:

wn+1,(0) −wn

∆t
= FA[wn] + FD [wn] + FP [wn]

wn+1 −wn

∆t
= FA[wn+1,(0)] + FD [wn+1,(0)] + FP [wn+1,(0)]

Bao and Jin, 2001, 2003
Nourgaliev and Theofanous, 2007
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Implicit (Monolithic) Method

e.g. Crank-Nicholson method:

wn+1 −wn

∆t
=

FA[wn] + FA[wn+1]

2
+

FD [wn] + FD [wn+1]

2
+

FP [wn] + FP [wn+1]

2

Rasetarinara and Hussaini, 2001
Roberts, Sidilkover, Tsynkov, 2002

Mark Sussman (Florida State University) A Hierarchical Space-Time spectral element method for simulating complex multiphase flows
December 18-20, 2018, Tel Aviv. Advances in Applied Mathematics. A conference in memoriam of Professor Saul Abarbanel. 22

/ 73



Divide and Conquer (operator split) Method

wn+1,(0) −wn

∆t
= FA[wn]

wn+1,(1) −wn

∆t
= FA[wn+1,(0)]

wn+1,(2) −wn+1,(1)

∆t
= FD [wn+1,(2)]

wn+1 −wn+1,(2)

∆t
= FP [wn+1]

Douglas and Rachford, 1956
Speth, Green, MacNamara, Strang, 2013
Kwatra, Su, Gretarsson, Fedkiw, 2009
Jemison, Sussman, Arienti, 2014
Bell, Colella, Glaz, 1989
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Spectral Deferred Correction Method

Spectral in time

Processes with disparate temporal scales are treated independently, but coupled
iteratively by a series of the deferred correction procedure.

Bourlioux, Layton, Minion, 2003
Layton, Minion, 2004
Kadioglu, 2016
Pei, Sussman, Hussaini, 2018
Minion and Saye, 2018
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The space time slab

All variables are discretized at the Legendre Gauss Lobatto points with respect to
time.
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Coupling strategy 1

for k = 0, . . . , r , for m = 0, . . . , r ,

w
n,(m+1),k+1
A = wn,(m),k+1 +

∫ tn,(m+1)

tn,(m)

[FA(w k+1
A ) − FA(w k

A)]dτ +

∫ tn,(m+1)

tn,(m)

[FA(w k)]dτ,

w
n,(m+1),k+1
AD = w

n,(m+1),k+1
A +

∫ tn,(m+1)

tn,(m)

[FD(w k+1
AD ) − FD(w k

AD)]dτ +

∫ tn,(m+1)

tn,(m)

[FD(w k)]dτ ,

wn,(m+1),k+1 = w
n,(m+1),k+1
AD +

∫ tn,(m+1)

tn,(m)

[FP(w k+1) − FP(w k)]dτ +

∫ tn,(m+1)

tn,(m)

[FP(w k)]dτ .

The second integral is evaluated with a higher-order quadrature rule, i.e., Gauss
quadrature, while the first integral is discretized by a low-order time integration scheme,
i.e., first order time integration scheme.

Mark Sussman (Florida State University) A Hierarchical Space-Time spectral element method for simulating complex multiphase flows
December 18-20, 2018, Tel Aviv. Advances in Applied Mathematics. A conference in memoriam of Professor Saul Abarbanel. 26

/ 73



Coupling strategy 2

for k = 0, . . . , r , for m = 0, . . . , r ,

w
n,(m+1),k+1
A = wn,(m),k+1 +

∫ tn,(m+1)

tn,(m)

[FA(w k+1
A ) − FA(w k

A)]dτ +

∫ tn,(m+1)

tn,(m)

[FA(w k)]dτ,

w
n,(m+1),k+1
ADP = w

n,(m+1),k+1
A +

∫ tn,(m+1)

tn,(m)

[FD(w k+1
ADP) − FD(w k)]dτ

+

∫ tn,(m+1)

tn,(m)

[FD(w k) + FP(w k)]dτ ,

wn,(m+1),k+1 = w
n,(m+1),k+1
ADP +

∫ tn,(m+1)

tn,(m)

[FP(w k+1) − FP(w k)]dτ.
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Example building blocks for the
Advection-diffusion-reaction equation

To describe the multi implicit space-time spectral element method, we take the
following advection-diffusion-reaction equation as an example,

wt +∇ · (uw) = ν∆w + λw, x ∈ Ω

w(x, 0) = w0,

w |∂Ω = g ,

where u = (u, v)> is velocity vector, ν and λ are constant.

Both diffusion and reaction processes are on faster time scales compared to
advection process.
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Discretization in time

After applying spectral element discretizations in space (details will soon follow),
we obtain a system of ODEs as follows,

∂w

∂t
= FA(w) + FD(w) + FR(w),

where

FA(w) denotes the spatial discretization of advection term ∇ · (uw).

FD(w) denotes the spatial discretization of diffusion term ν∆w). (Stiff term.)

FR(w) denotes the spatial discretization of reaction term fr (w). (Stiff term.)
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Low order building blocks

In order to avoid stringent time step, we use an implicit treatment for both
diffusion and reaction processes while an explicit I-scheme time integration scheme
for the advection process.

Mark Sussman (Florida State University) A Hierarchical Space-Time spectral element method for simulating complex multiphase flows
December 18-20, 2018, Tel Aviv. Advances in Applied Mathematics. A conference in memoriam of Professor Saul Abarbanel. 30

/ 73



I-scheme building block for advection

wn+1,(0) −wn

∆t
= FA[wn]

wn+1 −wn

∆t
= FA[wn+1,(0)]

A comparison of stability region between forward Euler scheme and I-stable

scheme for advection:

Ref: Bao and Jin, 2001, 2003.
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Backwards Euler building blocks for diffusion and reaction

wn+1 −wn

∆t
= FD [wn+1]

wn+1 −wn

∆t
= FR [wn+1]
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The spectral element grid

Pressure, Density, Temperature, and Level set function are located at the tensor
product Legendre Gauss points with respect to the space coordinates. The
velocity is located at the staggared Gauss Lobatto and Gauss points with respect
to the space points.
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The piecewise spectral element grid

Pressure, Density, Temperature, and Level set function are located at the tensor
product Legendre Gauss points with respect to the space coordinates. The
velocity is located at the staggared Gauss Lobatto and Gauss points with respect
to the space points. Each mixed element and one surrounding element are
discretized using a standard piecewise continuous finite volume method.
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Discretization at a coarse-fine interface

Prolongation and restriction are approximated using high order Lagrange
interpolating polynomials (no Runge Phenomenon). For the multigrid
preconditioner though, only second order Prolongation or Restriction algorithms
are used.
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Spectrally Accurate and Conservative Discretization in
Space

Advection fluxes: interpolate from Extended-Gauss grid to Gauss-Lobatto grid.
Diffusive fluxes: find derivative of Extended-Gauss grid interpolant at the
Gauss-Lobato grid points.
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Spectrally Accurate and Conservative Discretization in
Space: near a boundary
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Gauss Legendre vs Gauss Chebychev?

The error for polynomial interpolation is:

f (x) = Pn(x) + Rn(x)

Rn(x) =
f (n+1)(ξ(x))

(n + 1)!
Πn

j=0(x − xj)

On the one hand, Gauss Chebychev polynomial interpolation optimizes the part of
Rn(x) corresponding to Πn

j=0(x − xj). On the other hand, Gauss Legendre
polynomial interpolation optimizes the degree of precision for numerical
quadrature. We have found, experimentally, that Gauss Chebychev placement of
discrete points is unstable. A recent article that might shed light on this issue:
Gassner, Gregor J., Andrew R. Winters, and David A. Kopriva. ”Split form nodal
discontinuous Galerkin schemes with summation-by-parts property for the
compressible Euler equations.” Journal of Computational Physics 327 (2016):
39-66.

Mark Sussman (Florida State University) A Hierarchical Space-Time spectral element method for simulating complex multiphase flows
December 18-20, 2018, Tel Aviv. Advances in Applied Mathematics. A conference in memoriam of Professor Saul Abarbanel. 38

/ 73



Numerical tests: Advection-diffusion-reaction equation

wt +∇ · (uw) = ν∆w + λw, x ∈ Ω

w(x, 0) = w0,

w |∂Ω = g ,

where u = (u, v)> is velocity vector, ν and λ are constant.

Both diffusion and reaction processes are on faster time scales compared to
advection process.
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Numerical tests

On a computational domain Ω = [0, 1]× [0, 1], we solve a
advection-diffusion-reaction problem with periodic boundary conditions. The
velocity vector u = (u, v)> is set to be (1, 1)>, and ν = 0.04 and λ = 5.0.
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Figure: Errors in the
solution as a function of
polynomial order in space
p in a semi-log plot. The
simulation is computed up
to 1.0 with 5 × 5 spatial
tessellation and E (t) = 80.
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Overall order of accuracy

Overall order of convergence

(p(x), p(y)), (p(t),K ) (E (x) × E (y),E (t)) Coupling 1 Coupling 2

(4, 4), (4, 4)
(5× 5, 80) — —

(10× 10, 160) 5.1 5.2
(20× 20, 320) 4.4 4.4

(4, 4), (4, 5)
(5× 5, 40) — —

(10× 10, 80) 5.3 5.7
(20× 20, 160) 5.0 5.1

(5, 5), (5, 5)
(5× 5, 80) — —

(10× 10, 160) 5.7 5.7
(20× 20, 320) 5.6 5.6

(5, 5), (5, 6)
(5× 5, 40) — —

(10× 10, 80) 6.0 6.0
(20× 20, 160) 5.8 5.8

Either reduce the time step or increase the number of iterations per step can
achieve min{p(x) + 1, p(y) + 1, p(t) + 1,K}, where K is the number of iterations
per time step.
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Order of accuracy in space

Order of convergence in space

(p(x), p(y)), (p(t),K ) (E (x) × E (y),E (t)) Coupling 1 Coupling 2

(4, 4), (6, 8)
(3× 3, 100) — —
(6× 6, 100) 5.7 5.7

(12× 12, 100) 6.0 6.0

(5,5) ,(6,8)
(3× 3, 100) — —
(6× 6, 100) 6.5 6.5

(12× 12, 100) 5.7 5.7

(6,6), (6, 8)
(3× 3, 100) — —
(6× 6, 100) 8.1 8.1

(12× 12, 100) 8.1 8.1

(7,7), (6, 8)
(3× 3, 100) — —
(6× 6, 100) 8.2 8.2

(12× 12, 100) 8.2 8.5
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Order of accuracy in time

Order of convergence in time

(p(x), p(y)), (p(t),K ) (E (x) × E (y),E (t)) Coupling 1 Coupling 2

(8, 8), (4, 5)
(5× 5, 40) — —
(5× 5, 80) 5.0 5.0

(5× 5, 160) 5.0 5.0

(8, 8), (5, 5)
(5× 5, 40) — —
(5× 5, 80) 4.9 4.9

(5× 5, 160) 5.0 5.0

(8, 8), (4, 6)
(5× 5, 40) — —
(5× 5, 80) 6.1 6.2

(5× 5, 160) 5.8 5.7

(9, 9), (5, 6)
(5× 5, 40) — —
(5× 5, 80) 6.1 6.1

(5× 5, 160) 6.0 6.0

(9, 9), (6, 6)
(5× 5, 40) — —
(5× 5, 80) 6.0 6.0

(5× 5, 160) 5.9 5.9
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Outline of hierarchical method

1 Advection: CISL-MOF in “low order” regions, Free-stream preserving
I-scheme building block otherwise.

2 Diffusion: Backwards Euler building block: Multigrid preconditioned
BiCGStab.

3 Compressible or Incompressible Projection method: Multigrid preconditioned
BiCGStab.

4 After regridding: A spectrally accurate “projection” guarantees that the value
of ∇ ·U is preserved.

5 “BoxLib” with tiling: an adaptive mesh refinement software framework.
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“BoxLib” also now known as “AMReX”
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Properly Nested grids
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Tiling
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Single fluid, Inviscid, Incompressible Flow tests

ut + u · ∇u = −∇p ∇ · u = 0

ut = −u · ∇u −∇p ≡ FA(w) + FP(w) ∇ · u = 0

w = (u, p)
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Low order I scheme building block for advection

wn+1,(0) −wn

∆t
= FA[wn]

wn+1 −wn

∆t
= FA[wn+1,(0)]
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Projection method for the pressure gradient building block

un+1 − u∗

∆t
= −∇pn+1 ∇ · un+1 = 0

∇ ·
(

un+1 − u∗

∆t
= −∇pn+1

)

∆pn+1 =
∇ · u∗

∆t

un+1 =
(
I −∇∆−1∇·

)
u∗
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smooth test problem

At t = 0,

u = − sin(2πx) cos(2πy) + u0

v = cos(2πx) sin(2πy) + v0

Periodic boundary conditions, the following quantities should be constant with
respect to time: ∫

u · u/2dx Kinetic Energy

∫
w ·wdx w = ∇× u Enstrophy
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smooth problem, contours of the initial vorticity magnitude
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smooth problem, plot of ||w −wexact||∞ versus time
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smooth problem with AMR patch, plot of ||w −wexact||∞
versus time
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Double shear layer

(Bell, Colella, Glaz, JCP) At t = 0,

u = tanh(30(y − 1/4)) y ≤ 1/2

u = tanh(30(3/4− y)) y > 1/2

v = sin(2πx)/20

Periodic boundary conditions, the following quantities should be constant with
respect to time: ∫

u · u/2dx Kinetic Energy

∫
w ·wdx w = ∇× u Enstrophy
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Double shear layer 8th order 256x256
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Enstrophy Double shear layer
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Double shear layer 2nd order 128x128
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Double shear layer 4th order 128x128
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Double shear layer 4th order 128x128 vs 256x256
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Initial vortex patch

At t = 0,

u = α(r(x))(y − y0)

v = −α(r(x))(x − x0)

r(x) =
√

(x − x0)2 + (y − y0)2

Periodic boundary conditions, the following quantities should be constant with
respect to time: ∫

u · u/2dx Kinetic Energy

∫
w ·wdx w = ∇× u Enstrophy
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Vortex patch, plot of enstrophy versus time
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3D bubble
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Liquid Jet in Gas Cross Flow (new method)
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Liquid Jet in Gas Cross Flow (low order method)
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Nucleate Boiling
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Nucleate Boiling
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Nucleate Boiling
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Differentially heated rotating annulus
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Differentially heated rotating annulus
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Dynamics of Baroclinic Fluid Systems

Taylor number: 4Ω2R4/ν4

Thermal Rossby number: αgD∆T
Ω2R2
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Differentially heated rotating annulus
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Conclusions and Future Work

Our methodology is very good at approximating solutions to multiphase flow
problems, taking into account contact line dynamics, phase change, vortical
structures, and complex deforming boundaries, but, . . . ,

for most practical problems, some kind of data assimilation technique
(satellite data, experimental data, CAD/CAM data) and uncertainty
quantification technique must be developed too. We are working on this now,
using AMReX as a software infrastructure.
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