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Input pulse characteristics

= Elliptic

typical shot
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Input pulse characteristics —

= Elliptic

typical shot average over 1000 shots

= Varies from shot to shot
» Always the case



After 5 meters In air =

typical




After 5 meters In air

Average
over 1000
shots

typical




After 5 meters In air

Want to predict

Average
over 1000 = Average intensity after
5m
= Probability for 0,1,2, or
typical 3 fllaments




Mathematical model

initial condition NLS output

Po(x, ¥) -) W(z,%,y)



Shot to shot variation

AT=Y)

random initial condition NLS random output

Po(x, ;@) -) W(z,x,y; Q)

(X - noise parameter



Shot to shot variation

random initial condition NLS

Po(x, y; @) -)

(X - noise parameter

random output

Yz, x,y; a)

Computational goals

Moment estimation
e.g., average intensity E,(|y|?)

Density estimation
e.g., probability for 2 filaments
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General setting

Nonlinear initial value problem

u:(t,x) = Q(x,u)u
u(t =0,x) = uy(x)

= “Quantity of interest” (model output) f = f[u]

= e.g., f=arg(u(t,x)), f=[|ul?dx,..
= u, f[u] not given explicitly, but can be evaluated numerically
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General setting with randomness

Add randomness (in uy and/or Q)

{ u(t,x;a) = Q(x, u; @)u
u(t =0,x;a) = uy(x; a)
= « distributed according to a known measure
=  “Quantity of interest” (model output) f(a) = flu(t,x; a)]
* f(a)is arandom variable

12



General setting with randomness

Add randomness (in uy and/or Q)

{ u(t,x;a) = Q(x, u; @)u
u(t =0,x;a) = uy(x; a)
» «a distributed according to a known measure
=  “Quantity of interest” (model output) f(a) = flu(t,x; a)]
* f(a)is arandom variable

Computational goals:
« Moment estimation  E,[f]
« Density estimation  Probability Density Function (PDF) of f(«)
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Standard statistical methods

Step I — draw samples {«;, ..., ay}
Step II — compute {f;, ..., fn}, fni=f(a,)

/ \

Moment estimation Density (PDF) estimation

+ Monte-Carlo E_[f] ~ %Z%’:Jn  Histogram method
« Kernel density estimators (KDE)

14



Standard statistical methods

Step I — draw samples {«;, ..., ay}
Step II — compute {f;, ..., fn}, fni=f(a,)

/ \

Moment estimation Density (PDF) estimation

+ Monte-Carlo E_[f] ~ %Z%’:Jn  Histogram method
« Kernel density estimators (KDE)

Constraint:
- Computation of f(«;) is expensive (e.g., solving the (3+1)D NLS)
« Can only use a small samples {f(a;), ..., f(ay)}

15



Standard statistical methods

Step I — draw samples {«;, ..., ay}
Step II — compute {f;, ..., fn}, fni=f(a,)

/ \

Moment estimation Density (PDF) estimation

« Monte-Carlo E [f] = %Z%’:l fa  Histogram method
« Kernel density estimators (KDE)

® Poor approximations for small N

e.g. Histogram method with N=10 samples

PDF

2m
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Standard statistical methods

Step I — draw samples {aq, ..., ay}
Step II — compute {f;, ..., fn}, fni=f(a,)

/ \

Moment estimation Density (PDF) estimation

« Monte-Carlo E [f] = %Z%’:l fa  Histogram method
« Kernel density estimators (KDE)

® Poor approximations for small N

e.g. Histogram method with N=10 samples Exact PDF

PDF

2n
@ mod(27) 17



Standard statistical methods

How to improve?

« Above methods only use {fi, ..., fx}

« Uncertainty Quantification (UQ) approach: Utilize
1. The relation f(a)

2. Smoothness of f(a)
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Approximation-based estimation

 pisthe PDF of f

moment, PDF

f(a) > Ea[f]fp
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Approximation-based estimation

 pisthe PDF of f

moment, PDF
f(a) >< > Ea [f] P

cannot take a large sample
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Approximation-based estimation

 pisthe PDF of f

f(a) > Ea[f]fp

approximation N —» o

moment, PDF

fn(a) > |E lfn], PN

can take a large sample, since
computation of fy(a) is cheap

* py is the PDF of fy

Questions
» Which approximation should be used?
= Howsmallare E [f] —E_[fy] and ||p — pnl| ?
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Noise dimension

* One-dimensional noise a € R
= Random input power Y, = (1 + a)e
= Random temperature

2
r

= Multi-dimensional noise ¢ € R%
= Random input power and incidence angle
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Noise dimension

= One-dimensional noise ¢« € R
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Generalized Polynomial Chaos (gPC)

Standard uncertainty quantification approach:
= Approximate f using orthogonal polynomlals {g,(a)}

(@) = Zmn £ an(@

= Spectral accuracy for moments
E [f]—E_[fy] = 0(e™"N), N >» 1 iffis analytic

24



Generalized Polynomial Chaos (gPC)

Standard uncertainty quantification approach:
= Approximate f using orthogonal polynomlals {g,(a)}

(@) = Zmn ) 4n(@)

= Spectral accuracy for moments
E [f]—E,[fyl =0(™"N), N >» 1 iffis analytic

= Problem solved

25



Generalized Polynomial Chaos (gPC)

Standard uncertainty quantification approach:
= Approximate f using orthogonal polynomlals {g,(a)}

(@) = Zmn ) 4n(@)

= Spectral accuracy for moments

E [f] —E,[fy]l = 0(e™"M), N >» 1 iffis analytic
" Prcr%olved
But

Moment estimation Density estimation
Spectral accuracy reached only for No theory for ||p — pyll
large N

s Will it work in practice?
How to achieve = good” accuracy P

with e.g. N = 10 samples?
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Example: Density estimation with gPC

= tanh(9a) + =, a ~ Uniform [—1,1
2

2
11
ol

1
2.

1

0 1
a



Example: Density estimation with gPC

f =tanh(9a) + -, a ~ Uniform [~1,1] PDF approximation, N = 12

KRo
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Example: Density estimation with gPC

PDF approximation, N = 12

Lemma

1
p(y) = Zy @)

\h
N\
3
\l./
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Example: Density estimation with gPC

PDF approximation, N = 12

Lemma i | |
p(y) . z 1 N —exact
— e | 20 O
f' ()l & 7\ .
f(a)=y f f i e ,’, % % 1\
Or ; = r ‘1
[ e |
.' '.
-5 | . 5
-1 0 1
a
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Example: Density estimation with gPC

Lemma

p(y) = z

fla)=y

f' (@)

PDF approximation, N = 12

10 -
N —exact
f' 5| /, \\ e | £
/ \

l,\\ 1 // \\ " I/ \‘
0io@6 u_o 0.0 &PO
: ‘.
5L : :
-1 0 1

a
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Example: Density estimation with gPC

PDF approximation, N = 12

.

M
i
i
= v

0
-1 0 1
fla)
Lemma 0
1
p(y) = ,
f(az):: y |f' ()]
Conclusion

Although gPC is spectrally accurate in L?, it
produces “artificial” zero derivatives which

" " contaminate” the PDF
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Approximation-based estimation

approximation

Question: Which approximation should be used?

Answer
= For density approximation, requirethat fy =0 & f'=0
= “Monotonicity-preserving” approximation
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Adopt a spline-based approach

Ditkowski, Fibich, Sagiv, 18: Approximate f using a cubic spline over
N grid points

Thm (Ditkowski, Fibich, Sagiv, 18) :Let p and p, denote the PDFs
of f(a) and its cubic spline interpolant over N points. Then

Ilp — pully < CN7, ¢=0(1)

= No equivalent thm for gPC

Thm: E,[f] - E,[fy] <CN~% C=0(1)

= Worse than gPC for large N

= But, usually better than gPC for small N 24



Example — moment estimation

a : . :
f =tanh(9a) + -, @ ~ Uniform [-1, 1] Moment estimation
2 o(f) —a(fy)
N 10° ‘
| eV YN ~
1073t g, . == Monte-Carlo
. i e, T gPC
' W spline
Z 0 1 10°
o .
10 25
N
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Example — moment estimation

a 1 - -
f =tanh(9a) +, a ~ Uniform [-1,1] Moment estimation
i o(f) —a(fy)
1t 10° ;
O :“’-f ........
10°9F Ta. 00 s\ [ Monte-Carlo
1 .......... gPC
spline
-2'1 0 1 10'6 - A e et
a L e,
10 25 50
N

Spline better than
gPC for small NV
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PDF estimation

f = tanh(9a) + %, a ~ Uniform [—1, 1]

2

1 L

0 L

4

-2
-1 0 1

PDF approximation, N = 12
Statistically optimal

—exact g

1 s 4KDE
)
q,
0
-1 0 1
fla) 37



PDF estimation

f = tanh(9a) + %, a ~ Uniform [—1, 1]

2

1 L

0 L

4

1

PDF approximation, N = 12

—exact

—exact

- --spline
-1 0 1
fla)  3g




Matlab code for PDF estimation

alpha_min = -1; alpha_max=1; N = 18;

f = @(x) tanh (9*x) + x/2;

samplingGrid = linspace(alpha_min, alpha_max, N) ;
sample_s = f (samplingGrid); M = 2e6 ;

denseGrid = linspace (alpha_min, alpha_max ,M) ;
fNspline = spline ( samplingG rid, samples, denseGrid)
Cf=1.69;L=Cf+M" (1/3);

[histogram, binsEdges | = hist( fNspline ,L) ;
binWidth = (max( binsEdges)—-min (binsEdges)) /L,
pdf = histogram / (sum(histogram) *binWidth ) ;
plot(binsEdges, pdf)

—exact
---spline




Shot to shot variation

AT= )

random initial condition NLS random output

Po(x, ;@) -) W(z,x,y; Q)

(X - noise parameter

Loss of Phase Lemma (Sagiv, Ditkowski, Fibich, 2017)

Let f(z; ) = argyY(z,x =0,y = 0; )mod(2m). Then
lim f(z; ) ~ U(0,2m)

Z— 00
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Example: PDF of on-axis phase

3

fla) = arg(l/J(Z, 0; a)) mod 271 il

Use N=10 NLS simulations

Zq Zy Z3
2 2 2
Histogram PDF . ! !
00 . ¥ 2 Oo 00 & 2
f f
41 e
. L L i
Spline PDF | I
0 } 0 0
0 Z o £ 39r 0 Z o £ 9 0 £ 7 &£ 2




Coupled NLS — loss of polarization angle

102

10°

102

PDF, N=64

—exact
j R\wa\:fji//

102

i O()

104

PDF, N=64

—exact
---spline

2

Patwardhan
et al., 2018




Coupled NLS — loss of polarization angle

102

10°

1D

PDF, N=64

—exact

0 27

102

10°

104

PDF, N=64

—exact
J ---spline

0 27

Patwardhan
et al., 2018
lp — prlls
10’
10>
° spline
fit ~N ~37
107
10’ 102 103

(theory: N~3)



Burgers equation — shock location

0.5

PDF, N=7

Chen, Gottlieb, Hesthaven,
JCP 2005

44




Burgers equation — shock location

0.5

PDF, N=7

10°

Chen, Gottlieb, Hesthaven,
JCP 2005

lp — pnlls

_____

° spline
G | 5 _
- i ~N 3.1

(theory: N~3)




Noise dimension

= Multi-dimensional noise ¢ € R%
= Random input power and incidence angle
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Approximation-based estimation

approximation

Questions
» Which approximation should be used?
= Howsmallare E [f] —E_[fy] and ||p — pnl| ?
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Tensor product spline

Ditkowski, Fibich, Sagiv, 18: If a is d-dimensional, approximate f
with a tensor product cubic spline over N grid points

Lemma
p(y) = (Q)J 1(y)|\7—f|d0

Thm (Ditkowski, Fibich, Sagiv, 18): |lp — pyll; = O(N~3/9)

= Optimal statistical method (KDE) converges as N ~2/°
= Hence, our method is faster ford < 7

= For higher dimensions, can use m"-order splines:

Thm (Ditkowski, Fibich, Sagiv, 18): |lp — pyll; = O(N~"™/%)
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2D example

flay, ay) = tanh 6a1a2 + —

“1

_|_

a1+a2

PDF

)

aq, Ay ~ Unl(_l)l);

i.1.d.

14

—exact
- - -gpline
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2-dimensional example

a
f(ay, a,) = tanh (6a1a2 + 71

1

)+a1+a2’
2

a,a, ~ Uni(—1,1), i.i.d.

1.4

PDF

—exact
- - -gpline

10°;

lp — pNlls

g

1072 3

e gPC

o spline
fit

10"

(theory: N—3/2)
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Matlab code for 2D PDF estimation

func = @(x,y) atan(1.3*y."2 - .4*x.*y+1.1*x."2)+(x+Yy)
MCpointsPerBlock = 2e3; MCsqrtNumBlock = 10; binsNum = 750; N=10;
[Xs,ys] = ndgrid(linspace(xmin,xmax,N),linspace(xmin,xmax,N));
[pdf _spline,y spline] = pdfSampleSquare(@(t,v) interpn(xs,ys,func(xs,ys),t,v,'cubic’),...
MCsqrtNumBlock,MCpointsPerBlock,binsNum);
function [pdf,binsEdges] = pdfSampleSquare(func,sqrtNumBlocks,sqrtSamplesBlock, numBins)
xmin =-1; xmax = 1; smallGridSize = 3e6; blockLength = (xmax-xmin)/sqrtNumBlocks; nsmall =1e3;
[x_calibrate,y calibrate] = ndgrid(linspace(xmin,xmax,1e3),linspace(xmin,xmax,1e3));
[~,binsEdges] = hist(func(x_calibrate,y calibrate),numBins);
binWidth = (max(binsEdges)-min(binsEdges))/numBins;
histogram = zeros(1,numBins);
for k=1:sqrtNumBlocks
for m=1:sqrtNumBlocks
[Xg,yg] = ndgrid(linspace(xmin+(k-1)*blockLength,xmin+(k)*blockLength, sqrtSamplesBlock),...

linspace(xmin+(m-1)*blockLength,xmin+(m)*blockLength,sqrtSamplesBlock));

funcBlock =func(xg,yQ);
[hist_temp] = hist(funcBlock(:),binsEdges);
histogram = histogram+hist_temp;
end
end
pdf = histogram/(sum(histogram)*binWidth);
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3 dimensional example

a1+a2+a3

f(aq, ay, a3) = tanh(2ay + 3a, + 3a3) +

3 )
ay, Ay, a3 ~ Uni(—1,1), i.i.d.
— Q3
N=8 lp —pwlls
0.7 : 10° :
—exact <
——-spline RN
PDF T < e -4,
10 | B

\ --+-KDE

o spline

/ \|

-2 0 2 10" 10

f N

N—1.09

(theory: N~ 1)



Conclusions

= New method for computing PDF and moments of nl PDEs
with randomness

Outperforms standard statistical methods and gPC
Guaranteed to converge for PDF approximation
Non-intrusive: can use any deterministic numerical solver
Achieves good accuracy using small samples

Extends to multi-dimensional noise

Can also handle non-smooth ""quantity of interest”

References

A. Sagiv, A. Ditkowski, G. Fibich

A spline-based approach to uncertainty quantification and density estimation
ArXiv 1803.10991

A. Sagiv, A. Ditkowski, G. Fibich
Loss of phase and universality of stochastic interactions between laser beams
Optics Express 25: 24387-24399, 2017

53



